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Reliability Analysis of a System using Intuitionstic
Fuzzy Sets

M.K.Sharma, Vintesh Sharma, Rajesh Dangwal

Abstract: In General fuzzy sets are used to analyze the system
Reliability. Present paper attempts to review the fuzzy/possibility
tools when dealing with reliability of series-parallel network
systems. Various issues of reasoning-based approaches in this
framework are reviewed, discussed and compared with the
standard approaches of reliability. To analyze the fuzzy system
reliability, the reliability of each component of the system is
considered as a trapezoidal intuitionstic fuzzy number.
Trapezoidal intuitionstic fuzzy number arithmetic operations are
also performed to evaluate the fuzzy reliability of the system. A
numerical example is also given to illustrate the method.
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I INTRODUCTION

For the fast technology innovations, new product
development is getting much complicated not only its
system functions, but also on its system components.
Therefore one of the important engineering tasks in design
and development of a technical system is the reliability
engineering. In [1] Kauffmann and Gupta pointed out that
the discipline of reliability engineering encompasses a
number of different activities, reliability modeling being the
most important one. Network systems are one of the most
complicated system products in the real world. Network
systems include many different system components in order
to integrate sophisticated functions under system command
and control. Network system reliability [2] problem is
critical and important, because not only its expression into
subsystems but also success of any subsystem may collapse.

The reliability of a system is the probability that the
system will perform a specified function satisfactorily
during some interval of time under specified operating
conditions [3]. Traditionally, the reliability of a system
behaviour is fully characterized in the context of probability
measures, and the outcome of the top event is certain and
precise as long as the assignment of basic events are descent
from reliable information. However in real life systems, the
information may be inaccurate or might have linguistic
representation. In such cases the estimation of precise values
of probability becomes very difficult. In order to handle this
situation, fuzzy approach [4-5] is used to evaluate the failure
rate status.

The theory of fuzzy sets [6] (FSs), proposed by Zadeh,
has gained successful applications in various fields.
However, the membership function of the fuzzy set is a
single value between zero and one, which combines the
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favoring evidence and the opposing evidence. In 1986,
Atanassove introduced intuitionistic fuzzy sets [7] (IFSs)
which have been found to be very useful to deal with
uncertainty information. The concept of the IFSs is a
generalization of that of the FSs. Gau and Buehrer [8]
presented the concept of vague sets (VSs) But Burillo and
Bustince [9] showed that the notion of VSs coincided with
that of IFSs. Recently, IFSs have been widely studied and
applied in various fields such as decision making problems,
medical diagnostics, data system and pattern recognition,
reliability analysis of the systems [10].

IFS are being studied and used in different fields of
science. Among the research works on these sets we can
mention Atanassov [7, 11]; Atanassov and Gargov [11-14];
Ban [15]; Szmidt and Kacprzk [16] proposed the definition
of Intuitionstic Fuzzy numbers (IFN) and studied the
perturbation of IFN and first properties of the correlation
between these numbers. Mitchell [17] considered the
problem of ranking of a set of IFNs to define a fuzzy rank
and characteristic vagueness factor of each IFN.

In the real world problems, the collected data or system
parameters are often fuzzy / imprecise because of
incomplete or non-obtainable information, and the
probabilistic approach to the reliability of the network
system is inadequate to account for such built-in-
uncertainties in data. For this reason, the concept of
Intuitionstic Fuzzy set has been introduced and formulated
in the context of possibility measures. Shu et al [18] used
IFS for the failure analysis of the problem of printed circuit
board assembly. Mahapatra etal [19] presented the
intuitionstic fuzzy numbers and used to evaluate the fuzzy
reliability of the system.

This paper is organized as follows: section 2 represents
the basic concept of Fuzzy sets, Intuitionstic Fuzzy sets,

[cr, ,8) —cuts. Section 3 deals with the Intuitionstic Fuzzy
Numbers, their types and arithmetic operations through
(cr, ,8) —cuts. In section 4 Reliability of different networks

is calculated through (rr:, ,8) —ecuts. Section 5 presents the
proposed algorithm to evaluate the fuzzy reliability of a
series, parallel, series-parallel, parallel-series networks using
arithmetic operations based on (e, ) —cuts of IFNs. In
section 6 a numerical example is given to illustrate the

proposed algorithm. Conclusion and interpretations are
given in the last section.

1. BASIC NOTIONS AND DEFINITIONS OF
INTUITIONSTIC FUZZY SETS (IFSS)

Fuzzy set theory was first introduced by Zadeh [6]
in 1965.
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Let X be universe of discourse defined by X = {Xi, X...X»}. The grade of membership of an element x; € X in a fuzzy set is
represented by real value between 0 and 1. It does indicate the evidence for x; € X, but does not indicate the evidence against
Xi eX. Atanassov [7] in 1984 presented
the concept of IFS, and pointed out that this single value combines the evidence for x; € X and the evidence against x; € X.

AnIFS A in X is characterized by a membership function £t3(2c) and a non membership function vz ().
2.1 Definition of Intuitionstic Fuzzy Set: - Let E be a fixed set. An intuitionstic fuzzy set A of Eisan object having the
form A = {< x, uz(x), vy (x) =:x € E}
Where the functions
Uy E — [0 1] and vy E — [0 1] define respectively, the degree of membership and
the degree of non-membership of the element x € E to the set A, which is a subset of E and for every
xEE, 0= p,(x)+v(x) <1

When the universe of discourse E is discrete, an IFS A can be written as

n

A= Z[mm, 1—v, (O]/x V2, EE
i=1
An IFS A with continuous universe of discourse E can be written as

A= J [eg(x), 1 —vy (x)]/x,Vx, EE

i

> X

0

Fig. 1 Membership and non-membership functions of A4
2.2 (e, B) —Level intervals or (e, B) —cuts for IFS: - A set of (e, 3) —cut generated by an IFS A, where
a, B E ['D l] are fixed numbers such that & + £ = 1 is defined as
Ao =l g () vy(x) )i € X, py(x) = vz (x) < B, a § € [0 1]} We define (a, £)-level interval
or (@, 5 —cut, denoted by ﬁﬁ,lg, as the crisp set of elements x which belongs to A at least to the degree & and which

belongs to A at most to the degree 5.

3. Intuitionstic Fuzzy Numbers (IFN):- An IFN A is defined as follows:

(i) An intuitionstic fuzzy subset of the real line.

(i) Normal i.e. there isany x; € R such that st 4 (%) er, £ € [0 1]

(iii) Convex for the membership function i z{x) i.e.

pafdxy + (1 — Ax,] = minfpg(x ) pg(x)], Va2, ER,AE[01]
(iv) Concave for the non-membership function vz () i.e.

vy[Adxy + (1 — Ax,] < max[vy(xy ) vy ()] Va2, ER,AE [0 1]
Here we have two types of intuitionstic fuzzy numbers:

(i) Triangular Intuitionstic Fuzzy Numbers
(if) Trapezoidal Intuitionstic Fuzzy Numbers In the present paper we have introduced trapezoidal intuitionstic fuzzy

numbers by using (e, 5] —cuts.
3.1 Trapezoidal Intuitionstic Fuzzy Numbers (TrlFN):-
Let(a: <o, £a; Za, =a’, Za, =a; =a',). A Trapezoidal intuitionstic Fuzzy number (TrIFN) 4 in R, written as
(@y.@..05.04. 0", 82 85,2, ) has the membership function and the non-membership function as
follows:
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[ﬂ_, fore, £x Za; —~—— fore, =x=a,
-8y -’y - =
.o 1, ora; =X = ag .o . otherwise
.u-_i.lxr__l = z. f 2 and 1'_;'\1',' — vmts = .
l —, foro; =x =Zao, l’ =, fora;=x=a,
I:I. otherwise 1, otherwise
1;

p!: ’ 1’;]

10 L o o -

05 4 o Lo

0 a'y ay e ey ey a'y

Fig. 2 Membership and non-membership functions of TrIFN

3.2. Arithmetic operations on IFNs:-

The arithmetic operations denoted generally by *, of two IFNs is a mapping of an input subset of R x R (with elements
x = (xy,x,)) onto an output subset of R (with elements denoted by y). Let A;and A, be two IFNs, and (A4 * A, ) the
resultant of operations then:

|'. ‘I ? ] A
| B
Ta (o7 P

Ay = A,y =4[ Ve X xpldy (e A, G, )T.‘:’re.r-.'.'-s Ry
- - ) Ta o A ot
WAL= g Al I .-1:'\1'_-)]..-' J
With
) Fh . Na ) PR i k'
-“:-'ii- Jn:l“':r"l =Wy =Xy ¥Xg _a'l:lx-r:.-l-"'a_l:lxr:.-l]
i e R T
and V(g ,,:'u L T I T ~.-'.—:;'xx;,']

The arithmetic operations on IFNs can be defined by using the (e. 8} —cut method. Let «. # £ [0. 1] be fixed numbers such
that + & = 1. A set of (er. 5} —cut generated by an IFS A is defined by:

Apg = s 00 ix e Xops() 2 avgle) < Boe. g e [01]

The (e, 8} —cut of Trapezoidal Intuitionstic Fuzzy Number is defined as usually by

A

T e & ™ 1 7 ™ el FaAah oal FaAahas
x5 = fla el -1_-'\0,']. [A,5LALE5T
e+ 8 =1afe[01]
Where
y Fo0 - - y Fo0 - -
Aol = oy +ale;, —ay ), Alel) =a, —alo, —ag)
And Ay\B) =a; —fla; —ay), A5} =a;+F(ay —as)

With the following properties:
i) A let, A LG} are continuous, monotonic increasing functions of e, respective .
i) A;lel, A", (Flare continuous, monotonic decreasing functions of e, respective &.

1. RELIABILITY EVALUATION OF A SERIES, PARALLEL, PARALLEL-SERIES AND SERIES-
PARALLEL NETWORKS

(@) Series Networks:-This arrangement represents a system where subsystem/components form a series network. If
any of subsystem fails, the series system experiences an overall system failure.

R, R, R, R, R
Fig. 3 Series Network
The fuzzy reliability &, 'E ; can be evaluated by using the proposed algorithm
= {' T1,M2 T1n -'-":;:'-" TR ANTYS ::-'-"I::, i ""'__ LT TR CTRE AT AP CTAPETE ATy (i JPTP
@l .,,. g Foa P s Taat T w1 T nz? g ? a1
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It can be approximated to a TrIFN as

= ':]._.[_'?=: LK ]._.[T=: Tra. ]._.[T=:'-",‘; ! n?::'-",‘.t ; n?:‘_fﬂl_{: 1 ]-_-[_:if'!=1 ?"I_i':' ]-_-[_:if'!=i Tl_i'E' ]-_-[:1=1 Tlni

Wherew =l T e T T T e ) is the intuitionstic fuzzy reliability of the
j component fOI’j 1,2 3,4..

(b) Parallel Networks: - Consider a parallel network consisting of ‘n’ components as shown in figure. The fuzzy
reliability }3 =19 "@(1 S A;) of the parallel system shown in figure can be evaluated by using the proposed

algorithm )
'11, =19 [(1¢ C)'*" Pt Tt T T T s )T E @ (1

O [ty ToaPozs Fua i ¥ s 7 ¥ e Nl
\'nl,"n2"n3 'nd nl ni" nd natt

It can be approximated to a TrIFN as

Where '1 = '*_* “ Tz T e .*"'--.f"'_-;.f"'_;-,,::' is the intuitionstic fuzzy reliability of the

Fig. 4 Parallel networks

(c) Parallel-series system:-
Consider a parallel-series network consisting of ‘m’ connections connected in parallel and each connection contains

‘n” components as shown in the figure. The fuzzy reliability is given by A,. =12 "®(1© (7@R;)) of the
parallel-series network shown in figure. Reliability can be evaluated by the proposed algorithm, where A
represents the reliability of the i" component at the k™ network.

':?; =19 "I O {lrny none g v 0 v 07 127 1) @y P tea i 72y 7 a0 0 )
& @ (B Fuzthes -'-"n4:""v-' et pa )1

=19 @1 ::"""__""::""::-?":1:'-"::?"'::'"' 2711 )@ L@
:] '"" 1 Pzt Taal T an ¥ a2 onn r!-t,":l]

=16 "M@l eln '-"':_'"":;-'-'":.1.:'-"":: '-"":;'-"":;-'-"":.1::'] 2/ SR =/

] I-1n b I ) bl v gt g’ g’ 1
IC:] Lnl,"n2™n2 'ndr " nl," nit n3’ ?‘!-1-.-'.-']

It can be approximated to a TrIFN as

R, =10 ™M@ (U“U“U “U”& ; ljvljmljmlj“i)]
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=19 ;eﬁ?tﬂ.:l
21y Hn’l—*ﬂl } Hu’l—f_ﬂi;j.ﬂ{l—f“il Hnl—*‘ . Hn’l—""l_l (1

o] (H o (oo - {J(oom pLI(TTe
H(H) T1{[Te o0 )11
-wed]([Jeen pe-g]([oompe-d([Jeen e

_ U ( Ul ery) ). 11— _ ( U1 ©r) I);.}. 3l

- .\ﬁ ( ﬁll = 7"'_{;'::' )| n- kli_[ ( ﬁll e r'_i.i.::l ‘JI 1

= s f)

Rmz

e )

m3

ml

Fig. 5 Parallel-series networks

(d) Series-parallel systems: - Consider a series-parallel network consisting of ‘n” connections connected in parallel
and each connection contains ‘m’ components as shown in the figure. The fuzzy reliability is given by
FE’__.:, = . M@(1a 1 - H)) of the series-parallel network shown in figure. Rellablllty can be evaluated by the

proposed algorithm, where & represents the reliability of the k™ component at the i"" stage.
—_:){1:) ’1:)'*".'" TS TE T P e o -.'|:) ol

O (s Pt s Pt s Fog 2 i P o o, .-.I|]
“Pmf e Tk e Tk Timed MK MK MK M-S

It can be approximated to a TrIFN as
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= t® T (1 =) 1 =TT (1 =) 1 = TIPa(t — 0 1 =TT (1 — ) 1 =TT -

B S DA L P B D e S S R | (6 B ™|

= [(TEe, (1 =TT (1 = 7 D TTEe 0t = TP, (1 = I TT a1 = TR, (L — w10 TR L -

H=1w

T (1 — o % (T8 a (1 = Ty — #3500 T (1 = TTL, (1 — ) T, (1~ T, (1 —
P TR (1 =TT (1 = 7" 0]

j=1%

i 7 i
— T 7 1 2 [ — T
= = =
—1 21 — | 22 [ — flan [
= 2] 2l
— f3; = T ‘32 [ — 3n -
5
=5 = — —
L | g — < aqp mn

Fig. 6 Series-Parallel networks

5. Proposed Algorithm for Calculating the Reliability of the Network Systems: - In this section an algorithm has been
proposed to perform arithmetic operations among intuitionstic fuzzy numbers through (o, B)-cuts, where the reliability of
different components has been taken in the form of IFNSs.

If 4 isan IFN, then (o, B)-level intervals or (o, B)-cut is given by
. ([4,(x). A.(a}] for degree of acceptance a  [0.1 ) i
Agg { o witho + 8 =1,
. L4708, —::'”l]fa*"aggﬂ‘gg of rejection § € [0.1] :

da, o ddglal P ST N
Here T 0, 0 v e (0.10.4,(10 = 4,010

dary (8) gary (§) e r e r e
and TS s 0= 0 v e (01,4000 = AL

L L

Itisexpressed as A, ={[4. (el A (e .14, (8L A8 e+ 8 = Le. 5 e 0]

Step I: -First we will construct intuitionstic fuzzy numbers for all the components of the network.
Step Il: - In this step we will evaluate the (o, B)-cut for each intuitionstic fuzzy number as in step I.
Step HI: - If A = la,.05. 05,0558 . 0..0;.0",) and B = (b, by by, byb'y, baube, b0 are two TrIFN, then £ = A @ B s
also THIFNA @ B = (a, + byas + bovag + baay + bya'y + by ay + baas + baay + 57,
With the transformation z = x+y, we can find the membership function of acceptance (membership) IFS £ = 4 @ E by the
o — cut method.

a —cut for membership function of A is [a, + ala, — o) oy, —ale, — e )] ¥a e [0.1]
iexe :a: + C:':G: — a::l. &y — f;':a,' — az:l]
 —cut for membership function of 2 is [b, + alb, — b, Lb, —alb, — b )l v e
ie.ye b, +alb, — b, b, —alb, — by
S0, z (=x+y) £ [c: +5b, + c:'::'ic: — )+ (b, — -'!J::I::'. ay + by —a(lay —ag )+ (b, — b;]]]
So, we have the membership (acceptance) function £ = A & 5 is

iTi

[0.1]

I—op g : :
- oro, +89 =2 = 0, + 8-
[':ﬂ: —ay)+ (b —by) for a, ) ) )
ozl = . 1, . fore, +b, £z Lo, + by
o R : :
- — fora,. +bhyfz=a, +b,
Lay —ag) + (by + bg) h B
Q. otherwise
This is the addition rule for membership function.
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For non-membership function, 5-cut of Aisla; —fla; —a'Joag + 8", — az)]vf e [0.1] ie.
vela, — ""c: —a',la; —_""'a_i—a 1]

B-cut of & is [by — B(by — b'. ). by + 86", — b2)]¥8 € [0,1]
e velb, —glh,— b :,.uz ”'ul—u )i
S0,z (=xty) & ['ﬂ: +b— (e, —a' )+ by — 0 0) (ay + B3 — B(la’ s — a5 ) + (B — by))
So, we have the non-membership (rejection) functionof £ = 4@ & is

a; +b; — . i .
PE— ora; T8 Tz a8
(ap—ay)+ (b —by) 4 i i -7
- o 0. foro, +b, £z o, + by
velz) = ¢ . - - : :
- Z — ﬂz_ﬂz . . -
— - - oo, +h, Tz xa,+ b
le'y —ag) + (' — by) for 2, ) : :
1, otherwise
This is the rule for non-membership function.
Thus we have —T:)E—/ : +byeg +bpag + by + by o'y + 5.8, +boas + b0y + 5]
Step IV: - If £ =1(a,.a6-.az.0,:0";.a..0;.07,) and B = (b, bo, by by b’ ba, By B, ) are two TrIFN, then £ = A@E is

approximated
TriIFN A®8 = (a,by.a.by. a3bs. 0 by 6", by 0, by.0:b5.60",b7,)
With the transformation z = xXy, we can find the membership function of acceptance (membership) IFS £ = Z@E by the
o — cut method.

& —cut for membershlp function of A isuzlx) = o = [a, + ala, —a)iay, —ale, — e )]l va e [0.1]
i.e.x g _a:—a'a:—a |a4—a'a4—a 1]
e —cut for membershlp function of & isuz(x) = e = (b, +alb, — b, LB, —alb, — b )] vea e [0.1]
i.e.ye [by + alb, — b, )b, — alb, — byl
So, Z (= xXy) & ['::c: +ala, — .::._:l::'{b: +alb, — b0 (ay + alay —as by, —alb, — &J;]j]
So, we have the membership (acceptance) function # = A @ E is

—By + /B — 44 (0, b, -

fora.h, = 2= a.b,

24, - - e

.“#I:z:l — 1. fﬂf" ﬂ:b: = IR G;b;
B; — B —44A;(a b, } S
1 for by =z = na,b,
0. otherwise

Where, 4, = {a- — @ )b, — b, By = byla;— e +a b — by A, = (ay —agl(by, —ba), By = —(byla, —ag)+ ayib, — by
For non- membershlp function, f-cut of 4 is v i) = 3 =6 — fla;—a' ey + 8e'y —alvfe[0.1]ie.
xE e, — fla, — e’ ey + 5’y —ag)]

B-cut of B isvy(x) < § = [by— B(bs— b'y). by + B(b', — bg)]vf € [0.1]
ie.ye b, —80b,— b )by + 506, — bl

S0,z (=xXy) & [(a: — 8la; —a' ) {5y — 8(b.— 5", )). (as + 8la’, —ag) ). (by + B(H , — b )]
So, we have the non-membership (rejection) function of t=A&®Eis
[ —B,+Bi-2A(ab, -
1- } —= 24" — a." _.icl?-v ﬂl:blic_:ﬂc_: ﬂ:nl.;':
o 0 ) for @.b, = 2 = a.b,
VvElE) = 4 ) M1 = & =Hahs
B, —.BS — 44 (e, b, —
1- =2 qA,"J'J' . forasby === b,
1, i otherwise
Where,4'; = (g, — a';i(b, — b';), B'y = b'y{a,— a'y) +a'y(by — b)), 4'; = (&' —a5)i(b’y — bg) and
E'-=—-04r4—r |+r4-ai—a 1

This is the rule for non- membershlp function.
Thuswe have 2 = A @ 8 = (a,by.asbaasbgagbya’ b’y a.by agbg e’y b’yl.
Step V: - Operations defined in step 111 and IV will be used to evaluate the reliability for the whole network.

V. NUMERICAL COMPUTATIONS

A heavy current special machine demands continuous DC power supply during a particular period model [20] has been taken
to illustrate our algorithm as shown in figure. The required power can be made available
through convertor. In order to ensure uninterrupted power supply, two convertors are used, so
that even if one fails, the other convertor provides the necessary current. The two convertors
receive their power supplies from a sub-station which is connected to the main grid. We shall
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assume that the two convertors are basic components in addition to the grid and the sub-station. The machine becomes non-
operative when there is no supply from the main grid, or when there if failure in the substation, or when both convertors fail
to operate. The fault tree for the system is shown in figure 7.
Each event in this diagram is considered as the TrIFN.

= represents the reliability of the grid failure (Fy)

= represents the reliability of the sub-station failure(F,)

= represents the reliability of the switch of the DC supply to machine

= represents the reliability of the convertor | fails(F,)
= represents the reliability of the convertor Il fails(Fs)

= represents the reliability of power supply to the convertor

= represents the reliability of both convertors fail
= = represents the reliability of DC power supply to the machine

LI =1}

R e
mo g

No DC Supply to

Machine F1=Grid failure

F,=Sub-station
Failure

F3=Convertor |

AND Fails

F4= Convertor Il
Fails

No Power Supply
to convertor

v

Fig. 7 Block Diagram for DC Power Supply

Both convertors
fail

All the imprecise components reliability # are represented by TrIFN 'Z:f;-: T2 2. Kai r'_i-:.r'_i-:.:v'_i-;.r'_i-;} forj=1....3. Let
us evaluate the reliability of the desired system (No DC supply to machine)
The rellablllty value, for the occurrence of the event no power supply to the convertor, &

"'"" i '
_— |-|: D |-|: o L R I R T CL B L L L CL
ng= =M1 7.2 Ty T2 T ? 7 RAEY , 7 1

11721 "1 "dd 12 "ad! "1ls 'ds 11 4l 1i

Itisan Approxmated TrIFN.

Similarly, the reliability value, for the occurrence of event both convertors fail, & -:
F-=10(1o0R)Jae k)

Itis approxmated toaTrIFN as follows:

1—1_[ 1-m 'I—H 11— 'l—H’l—*’l:l I_H':l_”."' 1—1_[’1—?’"_{:].1

- Hcl et Ja—maa-] Ja-r

By substituting the two above calculations and the given data value, we get the reliability value for the occurrence of the top
event, no DC supply to machine, f¢:

F.=R.@kefece(lef)l1ak)

It is approximated to a TrIFN as follows
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Let the reliability of events are

(0.70,0.75,0.80,0.85;0.60,0.75.0.80,0.907

(0.753.0.80,0.85,0.20
(0.80.0.85.0.92,0.95
(0.76,0.84,0.89,0.92

4

;0.65,0.72,0.85,0.93)
;0.75,0.82,0.89,0.94)
;1 0.71,0.78.0.85.0.92)

i, My, tm, M

(0.64.0.69,0.78,0.87; 0.62.0.75.0.83,0.94)

So results for F; and A- by using the calculations are as follows
R, = (0.61,0.659,0.795,0.874;0.5175.0.6924,0.8412,0.9214)
F.=(0.8925,0.9425,0.95258,0.9871; 0.862,0.5125,0.9725,0.9945)

By substituting the above two calculated values according to the data value, the reliability of the top event, no DC supply to
the machine, B¢ is Az = (0.5125,0.5942,0.6895,0.7498; 0.4621,0.5942 ,0.6725,0.8245)
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