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Fully Fuzzy System of Linear Equations

Purnima Pandit

Abstract— In real life applications which are represented by
system of linear equations, that can arise in various fields of
Engineering and Sciences like Electrical, Civil, Economics,
Dietary etc., there may be situation when the values of the
parameters are not known or they cannot be stated precisely only
their estimation due to experts knowledge is available. In such
situation it may be convenient to represent such parameters by
fuzzy numbers, as in [5]. Klir in [4] gave the results for the
existence of solution of linear algebraic equation involving fuzzy
numbers. On the similar lines we give the results for system of
linear equations with fuzzy parameters. The a-cut technique is
well known in obtaining weak solutions, as in [1] for fully fuzzy
systems of linear equations (FFSL). However, our results state
and prove the conditions for the existence and uniqueness of the
fuzzy solution.

Index Terms— a-cut, Fully Fuzzy linear equations, Fuzzy
numbers, level cut, weak solutions.

I. INTRODUCTION

The primitive applications in Science and Engineering give
rise to system of linear equations. Many times the practical
realization of such problems involves the imprecise and
unknown parameters. For obtaining their solutions it is
convenient to treat the coefficients and the resources, right
hand side (RHS) in the equations as fuzzy numbers (e.g.
Triangular, Trapezoidal, Gaussian etc.). Since FFSL with
fuzzy parameters can model the applications in more realistic
manner they have become more pervasive in various fields
instead of their crisp counter parts.

Freidman et al., as in [3], were first to propose the model for
solving the fuzzy systems with the crisp coefficient matrix and
fuzzy right-hand side column. Various authors have studied
these models and gave analytical as well as numerical
techniques to solve such equations.

Fully fuzzy system of linear equations is important class of
systems wherein all the parameters involved are fuzzy. In
literature we have solution for such systems using numerical
techniques, QR decomposition, LU decomposition etc.
Recently in an article, [1] author have made a note that
technique, as in [3] gives only the weak solutions for the fuzzy
systems wherein some systems may not have the fuzzy
solution.

In this paper, we consider the fully fuzzy linear system of

the form AX=b , wherein the coefficients and RHS both, are
represented by fuzzy numbers. We state and prove the
existence and uniqueness of the fuzzy solutions for such
systems.

The paper is organized in the following manner, initially the
preliminaries are listed, and then the reduction of fuzzy
system into the crisp using « -cut is computed. Next section
gives our main results. The results are substantiated with two
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illustrations one satisfying the condition and hence having
fuzzy solution and the otherwise. The results presented here
can be generalized to n dimensional system without loss of
generality.

Il. PRELIMINARIES

A. Fuzzy number

Let us denote by R the class of fuzzy subsets of the real axis
(i.e. u: R—[0, 1]) satisfying the following properties:
(i)  VueRg, uisnormal, i.e. 3x, e Rwith u(xo) =1,
(i) VueR_,uisconvex fuzzy set, That is,

u(tx + (L—t)y) > minfu(x),u(y)}, vt €[01] x,y e R €
(ili) VueR_,uis upper semi-continuous on R;
(iv) {xeR;u(x)>0} is compact, where A denotes the closure
of A.

Then Rg is called the space of fuzzy numbers, as in [2].
Obviously R = R. as R can be regarded as { y x : X is any

usual real number}.

B. Definition: Non negative fuzzy number

A fuzzy number @ is said to be non-negative (non-positive)
fuzzy number if 4 (x)=0, ¥x <0 (vx>0).&is said to be
positive (negative) if a # 0 and non-negative (non-positive).
C. Definition: Fuzzy matrix

Amatrix A= (5”) is called a fuzzy matrix, if each element of
Aisa fuzzy number. A is positive (negative) and denoted
by A> 0 (A < 0) if each element of A be positive
(negative). Ais non-positive (non-negative) and denoted by
A<0 (A=0) if each element of Abe non-positive (non-
negative).

D. Operations on Fuzzy Numbers:

1. a-cut/ level-cut of fuzzy number:
For 0 < a < 1, denote the «

[uf ={xeR:u(x)z af and uf = fx eR:u(x)> 0.

Then for each, o €[01], the a-cut, [u]” is a bounded

-cut  as,

closed interval [“g,“GJ inR.

2. Addition and scalar multiplication:
For u,ve R.,and A € R, the sumu + v and the product
A -uare defined as, [u+Vv]“ =[u]” +[v]“;[A -u]“= A
[ul“, Vae[0], where [u]“ +[v]“ means the usual
addition of two intervals of Rand A [u]“ means the usual
product between a scalar and a subset of R, asin [2].
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System reduction using level-cuts
Consider the fully fuzzy system in 2-dimension,

AX=b (1)

{i‘ll %12}@(3‘1\]:(le
aZl a22 XZ b2
Using the «-cut of the fuzzy elements, we get Vo €[0,1],

a’&a')‘(':as

i.e.

That is,

(ran!aan} Falz’aalzﬁ ®[{aX1:aX1D _ “abl,“blﬂ
a§217a§21 a§22’a522 [ZXZ’QXZ QDZ’abZ

which becomes,

[agnvaau]@[a&raxl]@)[aglzraaz]@[alz1axz]: [ablvaBJ

[a§21va§21]®[axlvaxl]ea[agzzva§22]®[axzvaxz]: [abpaﬁz]

Using the operations on the cut intervals the above system
can be put into crisp system of linear equations as,

“ay, X+ a, X, ="h,
“a,, " X+ 2, " X,="h,
aglla)_(l‘i'aglza)_(z:agl
a§21a)—(l+a§22a)—(2:a62

For each ¢ e [0,1]the system can be solved as:

“a; “a;, 0 0 x| (“hy

“ay “an 0 0 | x| _| b,

a= a= ao A

0 0 a, a, X, b,

a= a= ao A

0 0 a, “a, X, b,

Using,

“a,, “a, O 0 “X “b,
A= a@Zl a§22 9 9 ;X: a%z andb: agz
0 O o all aalz a Xl [191
0 0 “a, ‘“a, “X, “b,

We get crisp system of the form
Axx=Db (2

Where, the coefficient matrix, A is of dimension 2nx2n, X
and b are column vectors of dimension 2n.

We know that the unique solution of the above system exist
if A invertible. Thus the necessary condition for obtaining the
fuzzy solution for the fully fuzzy system is that the coefficient
matrix of converted crisp system (2) is invertible vV € [0,1].

The solution of the crisp system determines “ X; and X, ,

for i = 1,2. These are used to reconstruct the components of
fuzzy x as shown by the lemma below.
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E. Lemma: The i"™ component of the fuzzy solution
vector, X of the fully fuzzy system (1) can be

reconstructed form the components “Xx; and “X; of the
crisp system (2) and is given as

L= U X.
: a€0,1] al

Where’ a ii = a'aii and aii = [aXi laxi ]
Proof: For each particular y e R, let a = X (y).
Then

(a:[é,l] o )(y) =sup , %,(y)

ae[O,l]
- maX{ sup , % (y), sup , % (y)}
ae[O,a acl a,l]
For each o (a,1], we have X (y)=a <« and, therefore
%, (y)=0. On the other hand for each ¢ €[0,a], we have

a i

%(y)=a>a, therefore X (y)=a.

Hence,
v X =sup X
(ag[o_ﬂ ’ .)(y) sup %, (Y)
F. Theorem (Existence and Uniqueness) The

components of the solution vector x of system (2) can
determine the unique fuzzy solution for system (1) if the
parameters for the fuzzy system (1) satisfy the

conditions:
(i) vaelol]
ax ax 1/ ai
S ( all alZJ ( 91 J
a§21 aéZZ abz

a a g
( a;, alzJ ( b,

a a a
a; ap b,

(i) va,pelol]a<p

N——

Proof:
Existence :
Suppose condition (i) is satisfied that is v« < [0,1]

a a 1ra = = -1 o
[ a; alzJ ( b1J<(aau aalzJ [ab J
a, Ay b, “a, “ay “b,

That is,
() “b<(“A)"b

which means for i = 1,2, we have “x,<“X;. This implies

=

that the interval equation “ A“Xx="b has a solution, which is
a= a —1 a an —-1 a—
x=["a)"“b,(-A)""b]
Satisfaction of condition (ii) Ve, g e[01] a < g

a a 1ra ¥is ¥is -1 yij
[ éll alZJ ( le <[ §11 alzj ( bl]
« « ap, |7 8 y; B
@21 gZZ DZ @21 QZZ DZ

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

Exploring Innovation’



International Journal of Soft Computing and Engineering (IJSCE)

— .
a12

o~
a22

<

B a -
< ]
B ﬂbz a abz
implies that Ve, 8 € [0,1],“ x, <” x, <”x,<°%, fori=1,2.
This ensures that the solutions of the interval equations for
a and / are nested; that is if o <, then 7%, <X, i.e. i"

— B =
aZl aZZ aZl

component X of the fuzzy number X , is convex.
Hence, Ve e[01], % =(“x,,%; ), for i =1,2. Where

e “x,is a bounded left continuous non-decreasing
function over [0,1].
e “X. is a bounded left continuous non-increasing

function over [0,1].

Thus, the solution of system (2) satisfying the above
conditions would indeed generate the components of fuzzy
solution vector X for the system (1).

Uniqueness :

Let X and Y be two solutions of (1). Then v e[04],
“A“X="b and “A*§="b . Therefore, “A(“X -"§)=0.
This implies, (“X -“¥)=0. Hence x = y. Thus solution if it

exists is unique. [

Thus, the solution of the fully fuzzy linear systems having
the coefficients and/or the RHS represented by fuzzy numbers
exists if they satisfy the conditions given in the theorem
above. The results given in the above theorem can be applied
to n dimensional problems, without loss of generality. In the
following section we give illustrations in support of our result,
for ease we have considered trapezoidal fuzzy numbers.
However, the results are applicable to the linear systems
involving other fuzzy numbers too.

The trapezoidal fuzzy numbers T can be represented as (a,
b, ¢, d) as shown in the Figure (1) and is mathematically
represented as

(X_%—a) a<x<bh

1 b<x<c / \
T= (d )() ff \
— / \
%j—c) c<x<d /f -\
/ \
0 otherwise i \
a b c d
FIGURE. (1)

I11. ILLUSTRATIONS

A. Example (Fuzzy Solution EXxists)
Consider fully fuzzy linear system

(3,4,6,7)x, +(4,5,7,9)%, = (-10,20,60,97)
(3,4,6,7)x, +(4,5,7,9)x, = (-7,18,58,85)

Here, the coefficients and the RHS of the system are
trapezoidal fuzzy numbers as given above.
The corresponding level cut system is:

[a+37-a]®[x, % |®[a+49-2a]®][x,%,]=[30a ~10,97 - 374]
[o+58]®[x,, % |®[36-a]|®[x,, %, |=[25¢ - 7.85- 27|
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The corresponding crisp system obtained is

a+3 a+4 0 0 “X, 30 —-10
a+5 3 0 0 “X, | | 2Ba-T
0 0 7-a 9-2a| °x 97 -37«
0 0 8 6-a )\ “X, 85-27«

Solution of above crisp system satisfies the condition given
the main theorem. Also, it gives the a-cuts for the components
of X as:

250° +3a+2 — (170 +60+183)
a’+6a+11" 17a° -13a-30

vy _ {— (220 + 630+ 29) 27a% + 220 —181}

, =

ayg _
1

a’ +6a+11 " 17a%-13a-30
1 1
09t 0.9t
08} 08l
07} 07} ,-"‘ \
0.6+ -‘; 0.6 ;; I‘
0.5} :‘: 05 .,-": '
0al | | 0.4 | ‘.
03t ,5| ;‘ 0.3
0.2 "*._ 0.2
0.1 : ."-‘ 0.1Ff |
ol s 0

0 10

Figure. (2) Components of X

The fuzzy X, , X, are as shown in the Figure. (2).
B. Example (Fuzzy Solution Does not Exist)

Consider another fully fuzzy linear system
(2,3,5,6)x; +(3,4,6,8)x, = (40,60,10,17)
(4,5,7,7)%x, +(2,2,4,5)x, = (38,58,5,7)
The corresponding level cut system is:
[@+2,6-a]®[x, % |®[a+38-2a]®[x,,%,]=[10a +30,77 -17a]
[a+47]®[x, % ]®[25-a]®[x,,%,]=[6a +33,65-7c]

The corresponding crisp system obtained is:

a+2 a+3 0 0 “X, 10 +30
a+4 2 0 0 “X, S5a+33
0 0 6-a 8-2a x| |77-17a
0 0 7 S—a )\ “X, 65-7a

The converted crisp system has solution. But, we can see
that the conditions given in the main theorem are not satisfied
as a result the fuzzy solution does not exist, it can be seen in
the Figure. (3).
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1 ; 1 ‘
0.9 0.9 ..
0.8 0.8 .:
o7} 07r 5
0.6} 0.6f |
0.5 0.5} ,‘I
0.4} / 04t ,‘!
0.3} .‘,f'! 0.3}
0.2 f;’ ' 0.2 |
0.1 , / 0.1 |

/ |
45 5 51 52 53 s 6 6.5

Figure. [3] Fuzzy components do not exist X

IV. CONCLUSION

In this article we extend the results for solution of fuzzy
algebraic equations to the system of fully fuzzy linear
equations and give the sufficient conditions for the existence
and uniqueness of the solution. The illustrations are given in
support of our result.
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