OPEN 8ACCESS

I nternational Journal of Soft Computing and Engineering (1JSCE)

I SSN: 2231-2307 (Online), Volume-12 I ssue-2, May 2022

Bistability of Cavity Magnonics System with

Magnon Kerr Effect

L)

Chack Tar
updabas

Debabrata Ganthya, Arumay Parai, Paresh Chandra Jana

Abstract: In this study a comprehensive theory is developed for a
hybrid cavity magnonics system consisting of a microwave cavity
strongly coupled to spin excitations or magnons in a single-
crystal yttrium iron garnet (YIG) sample with the magnons
exhibiting nonlinear Kerr effect caused by magnetocrystalline
anisotropy in YIG. The system dynamics is analysed in Hamilton
Langevin formulation and it is shown that the magnon frequency
shift due to Kerr nonlinearity is bistable with a upper and a lower
branch of cavity magnon polaritons (CMP). Further by
analytically and graphically studying different conditions
imposed on the bistability equation it is demonstrated that the
bistability is controllable by tuning the system parameters
involved.

Keywords: Kerr effect caused by magnetocrystalline anisotropy in
YIG.

I. INTRODUCTION

Hybrid guantum systems have attracted significant

attraction lately dueto their potentia application in quantum
information processing and quantum communication [1,2].
Among them, cavity magnonics systems have attracted
considerable attention which consist of collective spin
excitations in a singlecrystal yttrium iron garnet (YIG)
sample coupled to cavity photons [3-10]. The quasiparticles
arising from such systems are caled cavity magnon
polaritons (CMP) [11,12]. The higher spin density of YIG
material enables it to be completely polarized under Curie
Temperature ( 559K) [13]. Also it has been discovered that
if the coupling between YIG magnons and cavity photons
sufficiently strong, the hybrid system exhibits a low
damping rate [3-8]. Many fascinating phenomena have been
observed in cavity magnonics systems such as magnon Kerr
effect [14-16], magnon dark modes [17], optica
manipulation of the system [18], bidirectional microwave-
optical conversion [19], cavity spintronics [20,21],
synchronized spin-photon coupling [22], cooperative
polariton dynamics [23] etc. Besides magnons can be
coupled to myriads of different quantum systems like
superconducting qubit [24,25], optical whispering gallery
modes [26-32] to construct hybrid systems with high
applicative potential.
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Recently it has been experimentally demonstrated that cavity
magnonics systems with nonlinear magnon Kerr effect have
bistability property [14] which can be useful in constructing
guantum communication and information processing
devices. In this article we develop a comprehensive
theoretical model to explain the magnon frequency shift in a
cavity magnonics system with magnon Kerr non linearity
and study the bistability property of the system. The paper
has been organised in the following way:

* in section 2, we present our system which comprises a
microwave cavity coupled to magnons in a YIG sample
magnetized by a static magnetic field with the magnons
exhibiting  nonlinear  Kerr  effect caused by
magnetocrystalline anisotropy in YIG [33,34] and formulate
the system Hamiltonian.

* in section 3, we calculate the dynamics of the system in
Hamilton-Langevin formalism and derive the equation of
bistability of magnon frquency shift.

* in section 4 we present the plots of magnon frquency shift
as a function of drive power and magnon energy and
graphically demonstrate the bistability of CMP.

Il. THE SYSTEM HAMILTONIAN

As shown in the schematic diagram the hybrid system
comprises a YIG sphere that is coupled to a rectangular
three dimensiaonal microwave cavity through the magnetic
field of cavity mode. The corresponding Hamiltonian is

Hy=wa"a-1B)S, + Dme + DySs + DSj +0(ST+57) (0" +a) (1)

Where wc is the cavity mode frequency, a and a* are
annihilation and Creation operators corresponding to the
cavity mode, y is the gyromagnetic ratio of Y1G sample, By
is the magnetic field inside cavity , S,S,S are Macrospin
operators and S is defined as St = S+ S,. D32 are the
nonlinear terms responsible for Kerr type non linearity (j =
X,y,2), originating from magnetocrystalline anisotropy in
Y1G [2-44,45]. The non linear coefficients can be derived as
D. =3 jnu[)[{annfz
LT MR, )

Where o is the permeability of free space, Kanis the first
order anisotropy constant of YIG, M is the saturation
magnetization, Vi is the volume of YI1G sample and Sy fy, 52
are 3/2,9/8,1/2 respectively. The YIG sphere is pumped by
microwave field of Rabi frequency Qsand frequency w.

The interaction Hamiltonian can be formulated as following.

Hd= Qs(Sr + S-)(€iwdt + €-ioct) 3
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Figure 1: Upper section: The schematic diagram of YIG
spher e coupled with 3D microwave cavity. L ower
section: Simulated magnetic field distribution of the
Fundamental cavity mode.

In addition a probe field of of frquency wyis applied to the

input port of the cavity:
Hp = ep(a+ + a)(€iwpt + €-iopt) 4

Where ¢ is the coupling strength between probe field and

the cavity. Therefore the total Hamiltonian H = Hs+ Hq+ H,

will be:
H=wata—7B,S. + D,S* + DyS; 0.8 4 4,(ST+57)(at +a)

.
‘ ‘ . 5
+ (St +87) (e + 7 ¢, (at +a) (e + 7 ®

Now using Holstein-Primakoff Transformation

S5t = /(25 —b*rb)b
S™ =b"/(25 — btb)

S, =S—-b"b (6)
we can transform the macrospin operators to magnon
operators (b and b* are the magnon annihilation and creation
operators). Under the condition of very large Spin i.e,
(b*b)/(29) << 1, we can write
St =/25(1 — b+b/(29))b

=v2S5(1 —b*h/48)b
§™ =b*\/25(1—b+b/25)
=btv25(1 — b+b/45)
S.=S-bth ©)

rearrenging equation(4) and putting Dy = Dy = Owe get,
H =wa"a—vByS +1Bob™ b+ D.(s = bb)(s = b"b) + ¢.57 (a" + )

+!j}|S—(”+ +(l] 1 £]15+{P_iwr. +9""“”'”] fS}
+0.,8 (PE“’“t+(r "‘""Ht;,(fs' +rr)f_ﬁ”"'+9 iwpt)

Now substituting equation (6) into equation (7) we derive:
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H =w.a*a —vByS +yBob™ b+ D.(S* — Sb™b — bTbS + bbb b)+
9:V28(1 = b7 0/48)b(a™ + ) + gubT (1 - 57B/4S) (0™ + a)+
0,V28(1 = bb/4S)b(e™e! + e at) + Q/25(1 - bHb/48)b*
(ciu;dr + c—iwdt) + Ep((l+ + a)(ciw,,f + C—iu;,,i)

Now applying rotating-wave approximation (RWA) and

neglecting the fast oscillating terms the above Hamiltonian
can be written as:

H=wata+wub ™+ K0T+ g (1 = 57b/48)(ath+ ab™)
+04(1 = bTb/48) (bTe ™! £ be™i!) 4, (aTe ™" 4 ae™rt)

Where
o — ¥By + 13poppssK, ,,’*,'2

e 8M2 (12)
isthe angular frequency of magnon mode, where psis the net
spin density of ;
YIG, s is the K = "S55 microspinis

the the kerr nonlinear coefficient, V

gm = V2Sgs is the collectively enhanced magnon-photon

coupling strength and Qq= 2Xsis the spin normalised Rabi

(10)

frequency.
Let,
b*b = (b*b) + ob*b

(12)
a‘a=(a'a) +da*a
Therefore,
b*bb*b = ((b*b) + 66*b)({b*b) + db*b)

(13)

= ((b*b))2+ (b*b)ob*b + 5b*b(b*b) + (9b*b)?

Now neglectingthe square of the fluctuation part the value of
b*bb*b will be,
b*bb*b = ((b*b))?+ 2(b*b)éb*b (24)

From equation (11) we put 6b6*b = b*b — (b*b) into equation
(13) and derive

b*bb*b = ((b*b))2+ 2(b*b)(b*b — (b*b))
= ((b*b))2+ 2(b*byb*b — 2(b*b)?
= —(b*b)?+ 2(b*byb*b

(15)

Applying the mean field approximation to the Hamiltonian
in equation (9),

H = a b ™h— KT8 + 2K (BB
+04(1 = (FBAS)(BHe 4 1 beta) 4 ¢, (a e +ae)  (16)
4 g (1= (b7 /48){ba™ + 0" D)

Now we consider the approximation
((b*b)y/4S) << 1 ie.(l — (b'b)/4S) = 1 and (b*b)?= 0 and
rewrite the total Hamiltonian as follows:
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H =0 a4 (wn + A b0+ g (a™h 4 abt) + Qy(bTe 2" 4 b

e (17)
+ f(n*r:"“r" +ae™!)

Where, Am= 2K(b*b) is the magnon frequency shift.

IIl. THEORETICAL DYNAMICS

To understand the dynamics of the system we apply the
Hamilton-Langevin formulation [35] and write down the
guantum Langevin equations,

da )
d_‘z = —i(we — iK,)a — igmb — ieye " + 2Ky,
a =- l‘(wm +4An — ?'"fm)b — Wm0 — iflqe + Q,Ymbm(].S)

Where K. and ym are the damping rates of the cavity mode
and the magnon respectively, whereas ai, and b, are the
input noise operators corresponding to cavity and magnon
modes with their average value (ain) = 0 and (bin) = 0. Now
Let us consider,

=(a) + da (19

a =(b) +

Where daand dp are the fluctuation parts and (a) and (b) are
the expectation values of operator a and b. Under the above
assumption, equation (18) will transform as

d .

% = — ?(w(« — ?Kr.)<a> — ?err](b) o ,iepe—twpf,

(1

% = — 'l':(w.m + Am - ?:"}‘,;.,J)(b) — ’j:g?n<a.> _ 'EQ!-"C_twdt(zo)

The drive field is much stronger than the Probe field i.e, Qqg
>> ¢,. Therefore we can treat the Probe field as a
perturbation field. Hence we consider the following ansatz

{a) = Age ™" 4 Aje ™!

N » " (21)
E(!J} = B[}ET_J'“{"' -+ B]_!"_T'IJJ’
Differenciating equation (21) we have,
d ot i A A
% — *iwdAue_Mdl _ _lprle—mp! + E_MJ’:T;) + 8—..9,‘,!(07‘1
d(b) , it i @By dBy
1=, Bae wgt o ,B twpl . twgt U iwpt 71
g = wabee T g bie A e TR i (22)

subgtituting the values (a) and (b) from equation (21) in
equation (20) We get,

da)

o (e — 1K) (Age™" " + Aye™" o) —ig,, (Bye™ ™4 + Bye™nt) — e e
M’) ; : —iwgl =iyt - — gt —tpty g —twgt
n = = il + Dy = i) (Boe™ % + Brem™") — gy, (Ape™ " + Are™) — ifge ™

(23)
Now comparing the coefficient e’ in the first two
equationsin eguation (22) and (23), We get,

. s ) . dA
—‘l(f.d(. - ?'Ar:)AU - lgmB(] - _7'*'-‘)(144[] + d_tn (24)
or,
. . dA
_z(wc —Wg — I{C)A(] - zgmB[) - WG (25)
1A
In the steady state condition, @~ = 0
Therefore,
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_l(CUc_ wd— |Kc)A0: _gmBo
or,

m B
A= -0
Or: - 31;1(: (26)
Where (wc — wd) = Jdcis the frequency detuning of cavity
mode.

Now comparing the co-efficient of e in the last two
equations in equation (22) and (23)we get,

‘ | ' B
—’E(wm + Ay - J’YIH-)BU — tGm Ay = g = —iwaBy + W[)(27)
or,
| | _ 4B
72((&‘77: + Ay —iYm — wd)BU —igm Ao — g = ?0(28)

4By _
In the case of steady state,

Therefore,

—i(@wm* Am— iym— ©d)Bo— igmAo— iwg— 1Qq=0
or,

(om+ Am— iym— @d)Bo+ gmlo+ wa+ Qq4=0

Let (wm— wd) = om be the frequency detuning of the
magnon mode.

Therefore,

(6m+ Am— iym)Bo+ gmPo+ Q4=0

. A = — gmB()
Now putting the valueg**? S.—ik.
2
. gmBo
6fm. + A'rn, — 1Ym B - Ly d
( )Bo (5, —iK,) =0(29)
or,
2 N I
. G B()(O(, -+ ?-R(.)
6m. + A'm — Ym BO - m‘— d
( ) (62 + K2) =0(30)
92
Now let 32+£2 —
Therefore the above eguation will be reformed,
(dm+ Apw— Fpw— by — inK)Bo+ Qg=0 (31)
Let us define the following:
5m = 5m - 715(‘ and’\fm = Tm + nI(C
Hence the above equation will transform as
(d;” + A‘m - i'nf-:n)BU + S?frf: 0 (32)

Taking Complex conjugate of equation (31), we get

(G + A +i7,,)Bo + Q4 = 0 33)
Multiplying equation (31) and equation (32)
[(5;72 +A,,)% + ’)';n2]B(2) —[l*= 0 (34)

Published By:

Blue Eyes Intelligence Engineering
and Sciences Publication (BEIESP)
© Copyright: All rightsreserved.

Exploring Innovation


https://www.openaccess.nl/en/open-publications
http://www.ijsce.org/

Bistability of Cavity Magnonics System with Magnon Kerr Effect

Since, the magnon frequency shift Am= 2K(b*b) and the
drive field being far greater then the probe field Bogmd >>
B.e 7' we can deduce

(b*b) = |Bof? and therefore Am= 2K|Bof?

|2 — L

Substituting Bol” = 37 in the equation (33)

[(5;;‘ + Am)Q + W;fLQ]Am - 2K|9d|2: 0

(35)

Let, CPy= 2K|Qq]* where Pyis the drive field power and C is
the coupling strength coefficient between the cavity and the
magnon mode.

Hence final equation indicating the bistable behaviour of
magnon frequency shift of the hybrid system is given by

(67 + Ar)? + 7,2 Am — CPi= 0 (36)

The bistability equation is a cubic equation in magnon
frequency shift An and consequently under some specific
values of the parameters Amhas two turning points which are
given by the solutions of the quadratic equation obtained by
taking the derivative of equation (35) with respect to Am

BA?H. + 46771AH‘L + 6m2 + ﬁfm,gz 0 (37)

Above equation yields two real roots under the following
condition :

457712 - 127777.2 >0 (38)

Hence we can write down the condition for the bistability of
magnon frequency shift :
6;,] > \/5’}*,‘“, K <0
5;1. < _\/gf:”-:n? K >0 (39)
Whereas equation (36) yields only one rea solution where
the bistability disappears under the condition:

46;&2 - 12’.}"::12: 0 (40)

The corresponding driving power is the critical power P
given by:

:l:s\/gf}’;n:i

9C (41)
C being positive for K > 0 and negative for K < 0. Equation
(36) yields no real solutions under the condition 4

0,,° =127, < 0 and An increases monotonically with
increasing Pa.
A_p/27 (MHZ)

Po =

15[

10f

P_d (mW)

50 100 150 200 250 300 350

(a) 0y /2= 14.1,-12.1,-10.1 and -7.5 MHz for black, blue,
green and red linesrespec-
tively
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A p/2r (MHZ)

(b) &, /7= 17.1,13.2,9.2 and 7.5 MHz for black, blue, green and
red linesrespectively

Figure 2: magnon frequwncy shift Am Vs the driving power
Py for different values of effective magnon frquency

detuni ng(s;n,

IV. RESULTSAND DISCUSSIONS

In this section we present the graphical interpretation of the
bistabilty equation derived in the previous section with
parameter values close to successfully demonstrated
experiments [36] and discuss their implication. We have

taken effective magnon damping rateV: to be 53.25 MHz in
al scenarios and rest of the parameters are specified later.In
the following two subsections we plot the magnon frquency
shift Am against the driving power Py and against the

effective magnon frquency detuning O, respectively and
observe that the bistable behaviour of the hybrid system can
be controlled by the system parameters involved.

A_p/27 (MHz)

-80 -40 -20 20 40 &0

(a) P4=25,23,21 dBm for black, blue, green line respectively
A_p/27 (MHz)

&_mi2r ( MHz)

60

(b) P4=25,23,21 dBm for black, blue, green linerespectively

Figure 3: Magnon frequwncy shift Am Vs effective magnon

frquency detuning 9. for several different values of driving
power Pgy
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1.1 Magnon frquency shift against the Driving power

Fig 2 depicts the dependence of magnon frequwncy shift Am
on the driving power Py for several different values of

effective magnon frquency detuning 5-:n
with Fig 2a and 2b representing the K > 0 (c/(2x)® = 3.15)
andK< 0

(c/(27)3= —3.15) case respectively. It isworth noting that the
bistable behaviour is controllable by choice of effective

magnon frquency detuni ngaln value. As shown in figures 2a
and 2b, the bistable regime is most prominent with two
distinct turning points and clear hysteresis loop for higher

values of 9, (black and blue lines) and gradually disappears
for lower values (green and red lines).

1.2 Magnon frquency shift against the Effective Magnon
frquency detuning

Fig 3 depicts the dependence of magnon frequwncy shift Am

on effective magnon frquency detuning Om for severa
different values of driving power Pq with Fig 3a and 3b
representing the K > 0 (c/(27)3=3.15 for black and blue lines
c/(27)® = 3.6 green line) and K < 0 (c/(27)3=-3.15 for black
and blue lines ¢/(27)°= —3.6 green line) case respectively.It
is again worth noting that the bistable behaviour is
controllable by choice of driving power Pyvalue. As it can
be seen from figures 2a and 2b the bistablity is prominent
for higher driving power (black and blue lines) and
disapears for lower values of Pq(green lines).

V. CONCLUSION

In this article the bistability of cavity magnon polariton
system is theoretically studied by developing a simple model
in Hamilton Langevin formulation and the dependence of
the magnon frequency shift on various system parameters
are demonstrated. It is observed that we can switch easily
from upper branch of magnon frquency to lower branch and
vice versa by tuning driving power and effective magnon
detuning . We aso can get rid of the bistable behaviour
atogether by controlling the said parameters.. The easily
tunable bistability of the hybrid cavity magnonics system
can have potentia applications in quantum memories
[37,38], quantum switches [39,40],dissipative phase
transition [41,42] and many more related fields.
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