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Abstract—This article presents a numerical investigation of the 

thermal convection for a viscoelastic material in the annular space 

between two coaxial rotating cylinders. The problem is considered 

when the inner cylinder rotates about the common axis with constant 

angular velocity and the outer cylinder at the rest. The horizontal 

endplates are assumed adiabatic. The Carreau stress-strain 

constitutive equation was adopted to model the rheological material 

characteristics. The governing equations are numerically solved by a 

time-marching finite element algorithm. It is employed to compute 

numerical solution through a semi-implicit Taylor-Galerkin / 

pressure-correction scheme, based on a fractional-step formulation. 

The effect of rheological parameters on the heat transfer and on the 

flow is analysed. The results of natural, forced and mixed 

convections are presented and discussed. 

 
Index Terms— Drilling process, Numerical simulation, 

Rotating concentric cyloinders, Thermal study, Viscoelastic 

material. 

I. INTRODUCTION 

  The flow of viscoelastic materials is present in a large 

number of industrial processes. These include sterilization of 

industrial or pachaging processes of foods, pharmaceutic 

products, cosmetics and lubricants, the drilling process of oil 

wells, and the extrusion of ceramic catalyst supports, to name a 

few. In these processes, heat transfer between rotating 

concentric annulus is encountered.  

An intteresting example is the drilling process of petroleum 

wells. To accomplish a number of functions, the drilling mud 

flows down through the column and then up through the 

annular space between the column and the rock formation. The 

drilling fluid must have the appropriate properties to ensure the 

success of a drilling operation.  However, in order to assure the 

correct properties of the drilling fluid during the process, 

especially the rheological ones which are typically strong 

functions of temperature, the heat transfer rates occurring 

during the process must be accessible a priori.   

 Numerous articles about heat transfer during axisymmetric 

flows of non-Newtonian fluids can be found in the literature. 

Several authors [1-6]  analyzed the heat transfer problem in 

flows of power-law fluids through tubes and proposed 

correlations for the Nusselt number. For vibrating tubes, 

numerical and experimental studies can be found in [5-6]. 

The numerical simulation of the flow and the heat transfer of 

Carreau’s fluid and for fluid with variable properties enclosed 

between two concentric cylinders are studied [7-8].  The impact 
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of temperature -dependent rheological properties for Ostwald- 

De-Waele power law [9] on the flow and on the heat transfer is 

analyzed numerically [10]. 

In the present work, heat transfer to Carreau materials in 

laminar flow between rotating concentric vertical cylinders is 

numerically analyzed by a computational code. This code, 

developed by using the finite element method, is validated by 

comparison with results reported in the literature. The 

numerical solutions reported here are for forced convection, 

mixed and natural convection flow regimes. The effects of 

rheological parameters on the Nusselt number are examined.  

II. FORMULATION OF THE PROBLEM 

   The investigated geometry is shown in Fig. 1. We consider 

two coaxial cylinders with of a finite length H. The inner 

cylinder, of radius Ri, is in rotation at constant angular 

velocity , it is maintained at a hot uniform temperature Th. 

The outer cylinder of radius Re is at rest and cold temperature 

Tc. 

                              
Figure 1: Geometry of the problem 

 

The flow is assumed to be laminar, incompressible and 

axisymmetric. Non- Newtonian effects are considered for 

fluids obeying the Carreau constitutive relationship.  

In dimensionless form, the Carreau constitutive 

relationship is given by the following constitutive equation: 
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where the flow index n and the Weissenberg number We, 

describe the rheological property of the fluid and the 

equations for the conservation of mass, momentum and 

energy equations are: 
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   The problem is characterized by the following parameters 

of similarity; Prandtl number (Pr) Reynolds number (Re); 

Weisseneberg (We), Grashof   number (Gr), (or Rayleigh 

number PrRa Gr ).  

III. NUMERICAL RESOLUTION 

A time-marching finite element algorithm is employed in 

this investigation to compute numerical solutions through a 

semi-implicit Taylor-Galerkin/pressure-correction scheme 

[11], based on a fractional-step formulation. This involves 

discretisation, first in the temporal domain, adopting a Taylor 

series expansion in time and a pressure-correction 

operator-split, to build a second-order time-stepping scheme. 

Spatial discretisation is achieved via Galerkin approximation 

for the both momentum and energy equations. The used finite 

element basis functions are quadratic 
j

 for velocities 

and temperature, and linear k  for pressure.  

IV. RESULTS AND DISCUSSION 

All the calculations have been conducted for a fluid with 

Pr=7, corresponding to the dilute solutions of a polymer in 

water, the geometry of the annulus is fixed at AR=1 and K=2. 

Furthermore, in order to validate the numerical code used 

for the present study, the steady-state solutions obtained as 

time-asymptotic solutions for an untilted square cavity with 

differentially heated sidewalls and adiabatic top and bottom 

walls, have been compared with the benchmark results by De 

Vahl Davis [12]. In particular, the average Nusselt numbers 

obtained at Rayleigh numbers in the range between
310 ,

410 ,
510 , 

610  and the maximum horizontal and vertical velocity 

components on the vertical and horizontal midplanes of the 

enclosure, have been found to be within 1%-3% of the 

benchmark data. 

When the inner cylinder is at the rest (Re=0, case of natural 

convection), the increases in the flow index have almost no 

effect on heat transfer (Fig 2, 3). 

 
           Figure 2:   Average Nusselt number as function 

         of flow index for differents Rayleigh number at Re=0 

 
Figure  3:  Bulk temperature as function of flow index for 

differents Rayleigh number at Re=0 

    For forced convection (Ra=0 and Reynolds  0), Figure 4 

shows the streamlines and the isotherms at n=0.8 and three 

values of Reynolds number. We can observe a pair of 

counter-rotating cells. The isotherms, in that case, are 

distorted in the vicinity of the recirculating flow zone. 

In the mixed convection (Ra  0 and Re  0) and for n=0.8, 

we notice in figure 5 that for low Reynolds number (Re 70), 

the heat transfer regime is quasi conductif. Beyond this value, 

the Nusselt number increases with Reynolds number. 

 

        
(a) Flow patterns 

       
(b) Isotherms 

        Re = 100               Re = 200                  Re = 400 

 

Figure 4:   Flow patterns and isotherms for different  

Reynolds numbers at flow index n=0.8 and Ra=0 
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Figure 5:   Average Nusselt number as function of Reynolds 

number for differents Rayleigh number at n=0.8 

V. CONCLUSION 

This paper presented a study of the heat transfer problem 

for the flow of Carreau materials confined in a differentially 

heated annular cylindrical space with rotating inner cylinder. 

The governing equations were solved numerically via a 

finite element technique. Results were presented in the form 

of flow patterns, isotherms, bulk temperature profile and 

Nusselt number as a function of rheological parameters. 

It was noted that the results show that the non-Newtonian 

effects are important on the structure of the flow and on the 

heat transfer. This fact can be explored to understand the 

rheological behaviour of the fluid intervening in most 

engineering applications.  

REFERENCES 

[1]   R. B. Bird, R. C. Amstrong, O.Hassager, Dynamics of Polymeric 

Liquids, Volume 1,  Wiley, New York  1987. 

[2]   J.R.Ivrine, J.Karni, Non Newtonian fluid flow and heat transfer. In: 
Kakaç, S., Shah, R.K., Aung, W. (Eds), Handbook of Single-phase 

Convective Heat Transfer. Wiley, N°20, 1987, pp. 1. 

[3]   S.D.Joshi, A.E. Bergels,. Journal of Heat Transfer. N°102, 1980, pp. 
397. 

[4]  V.Sirocco, R.Devienne, M.Lebouché, International Journal of Heat 

and Mass Transfer. N°28, 1985,  pp. 91-99. 
[5]  E.Longatte, Z.Bendjeddou, M.Souli, Journal of Fluids and Structures, 

N°18, Vol.5,  2003, pp.513-528. 

[6] E.Longatte, Z.Bendjeddou, M Souli., Journal of Pressure Vessel  and 
Technology N°125,  2003, pp. 411-417.  

[7] M. Amoura, N.Zeraibi, A.Smati, M.Gareche, International 

communication  in heat and mass    transfer N°33, 2006, pp. 780-789. 
[8] H.Moghadam, E.Aung, Numerical Heat Transfer; Part A: Applications 

N°18, Vol. 33,  1998, pp. 357- 370. 

[9] N.Zeraibi, M.Amoura, A.Smati, M.Gareche, International 
Communication in Heat and Mass   Transfet.  N°34 , 2007,  pp.740. 

[10] M Soares., M.F.Naccache, P.R. Souza Mendes,  Proc. 7th Brazilian 

Cong. Thermal Sciences,  N°,  1998;  pp. 1146-1151. 
[11]  D.Ding, P.Townsend, M.F. Webster, Journal of non-Newtonian Fluid 

Mechanics, N°47, 1993, pp. 239-265. 

[12] G.De Vahl Davis, International Journal for Numerical Methods in 
Fluids, N°3 , 1983, pp. 249-264. 

 

 

Meriem AMOURA received her Ph.D. in 2008 in fluids dynamics from 

University of Boumerdes, Algeria. She has teaching experience of more than 

15 years. She has published many papers in national and international 
journals and conferences. Her current research interest include heat transfer, 

numerical simulation, engineering process.  
 

     Noureddine ZERAIBI  Professor since 2006 at Faculty of Hydrocarbons 

of University of Boumerdes. He has teaching experience of more than 25 
years and over 5 years of administrative experience. He has published many 

papers in national and international journals and conferences. He is currently 

guiding 04 Ph. D. scholars. His current research interest include heat transfer, 
numerical simulation, engineering process; non Newtonian fluids etc.  

 

0 100 200 300 400 500 600
0

2

4

6

8

10

N
u

Re

 Ra=10
3

 Ra=10
4

 Ra=10
5

A
v

er
ag

e 
N

u
ss

el
t 

n
u

m
b

er
 N

u
 


