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Abstract- The geometry of surfaces with system of flat coordi-

nate lines is investigated. The general vector equation of surfaces 

obtained. On the basis of which formulas of the main quadratic 

forms are obtained. The condition at which performance the 

system of flat coordinate lines will be system of the main lines of 

curvature is obtained. The subclass of normal surfaces – surfaces 

with system of flat coordinate lines in the normal planes of direc-

trix is studied. As an example on the basis of the general formu-

las the equation of Monge’s ruled surfaces is obtained. Drawings 

of surfaces of Monge with various flat and spatial directrices and 

various flat generatrices are given. 
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I. INTRODUCTION  

Calculation and designing of shells requires preliminary 

studying of geometry of surfaces on which shells are out-

lined. The general questions of geometry of surfaces are 

considered in differential geometry [1-4]. The majority of 
monographs and the textbooks devoted to methods of calcu-

lation of thin-walled structures are preceded by a summary 

of the general theory of surfaces. From private types of sur-

faces in existing literature surfaces of revolution, ruled sur-

faces and some other private types of surfaces most in detail 

are studied. However, when developing methods of calcula-

tion of specific classes of shells there is a need for more 

detailed studying of geometry of special class of surfaces. 

Variety of geometric forms is almost infinitely. In the en-

cyclopedia of analytical surfaces [5], the equations and plot-

ting of more than 500 different types of surfaces are given. 

 Researchers face a dilemma: to study separate, private types 

of surfaces, or to prefer research of wider classes of surfac-

es. As show practical researches it is necessary to combine 

both directions. investigations of a class of surfaces allows 

to obtain  the most general formulas and properties which 

then can be used for studying narrower classes and groups 
of surfaces. At the same time studying of specific surfaces, 

allows to reveal some properties which then can be genera-

lized and widespread on wider class of structures. 

One of wide classes of surfaces is the class of surfaces with 

set of flat coordinate lines. This class treats the majority of 

surfaces used in practice: surfaces of revolution, transfer 

surface, ruled surfaces. A priori, by definition, the surfaces 

generated by movement of the flat line belong to this class 

of surfaces: cyclic surfaces, Monge's ruled surfaces, surfaces 

Joachimsthal, Dupin's cyclides. 
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Practically any surface can be presented as consecutive posi-

tions of set of flat curves. The surface of revolution can be 

presented as movement of a circle of the variable radius 

moving along a straight line of centers, or as consecutive 

positions of the flat generatrix rotating around an axis. 

These representations are natural. However, to try to de-

scribe the same surface of rotation on the basis of the flat 

curves obtained by progress of the plane of the parallel line 

of centers, it is inexpedient. The analytical equations of 

coordinate lines received thus will be extremely difficult, 

and a surface on the basis of these lines will be difficult to 
reproduce. 

The surface with family of flat coordinate lines can be di-

vided into two subclasses: 

1.  The surfaces generated by movement of some flat 

curve (generatrix), according to any chosen law in 

space. Thus, at the movement the generating curve al-

so is transformed under some law. 

2.  The surfaces generated by a flat curve, which ends 

move on two directrices curves. Between directing 

curves some law of compliance of coordinates of di-

recting through which passes a generatrix is estab-
lished. Generally generating curve can be transformed 

under some law. 

The developable surfaces generated by movement of a 

straight line on two directrices can be an example of surfac-

es of the second subclass. Condition of compliance of coor-

dinate points of directrices through which passes a directrix 

straight line, the condition is that tangents to directrices in 

reference points of a directrix lie in the general plane being 

the tangent plane of a torsion surface [6]. Koons's [7] sur-

faces, velaroidal surfaces belong to a subclass of surfaces of 

the second type [8], etc. In this work are considered a sub-
class of surfaces with system of flat coordinate lines of the 

first type. 

The surface obtained by three-dimensional motion by the 

flat line which was transformed in the course of movement 

(fig.1), can be described as follows: 

Let some spatial or flat directing curve be defined by  ur . 

The curve is accompanied by a Frenet trihedral ( τ , ν  ,β -

vectors of a tangent, a normal and a binormal). Let's set in 

each point of a directing curve a secant plane which position 

is defined by a vector of a single normal  un  (fig. 1). 

The vector of a normal can be presented, for example, in the 

form of decomposition on a Frenet trihedral by a directrix 

       ββννττ nnnn u .                                        (1)                           

For the description of the equation of a generatrix in a secant 

plane are set basis vectors of rectangular system of coordi-

nates )(0 ue and  u0g  with the center on a directing curve. 

Together with a vector of unit normal to a secant 

plane  un , these vectors 

make a mobile orthogonal 

simplex reference on a di-

recting curve. Obviously, 

http://www.multitran.ru/c/m.exe?t=1483266_1_2
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only two vector functions are independent  un   and )(0 ue . 

Thus, choosing the vector direction )(0 ue in a secant plane, 

it is possible to obtain, the most convenient superficial sys-

tem of coordinates, for example, demanding orthogonality 

of obtained superficial coordinate system. The third vector 

function is defined from an orthogonality condition, as cross 

product      uuu 00 eng  . 

In a secant plane the equation of the flat generatrix  v,uR , 

which is transforming on certain law at movement of the 

plane along a directrix is set. The equation of a generatrix 

can be written, in particular, using the polar system of coor-

dinates for what in a secant plane the vector equation of a 
circle of single radius is entered 

 

    vvuvu sincos, 00 gee  ,               (2) 

v is the polar angle counted in a secant plane from unitary 

vector )(0 ue  in the direction of unitary vector )(0 ug . 

The vector     vvuvvu cossin 00 geg , , orthogonal 

to vector ),( vue , lies in a secant of the plane too and also is 

the equation of a circle of single radius. Vectors ),( vue , 

)( vu,g  rotating round a normal vector, make together with 

a normal vector a mobile reference point on a directrix  ur . 

As well as a normal vector, they can be presented in the 

form of decomposition on Frenet trihedral: 

        ββννττ eeee vu, ;    

       ββννττ gggg vu, ,    (3)             

as well as on the contrary, vectors βν τ ,,  can be presented 

in the form of decomposition according to simplex reference 

nge ,, . 

At differentiation on argument v, vector-functions mutually 

change to each other: 

     gge
e





vuvu

v
cossin 00 ; e

g






v
;        (4) 

Taking into account the designations the surface equation 

with system of flat coordinate lines (fig.1) in a vector form 

can be written down as 

       vuvuRuvu ,, er ,ρ ,                                       (5) 

 vu,ρ  is the surface’s radius-vector; 

Let's note the properties of vector functions  v,ue ,  v,ug , 

 un . As these vector functions are mutually orthogonal 

vectors of single length, then: 

      1 nnggee ;      

      0 ngenge ; 

  ege  ;   gen  ; egg  .                         (6) 

      0 nnggee ;    0ggee   ;   

   gege  ; 

   gege   ;    nene  ;    ngng  ;     (7) 

Hereinafter for convenience of notation we will use designa-

tions of partial derivatives on arguments u, v   -    

ff
u

f
u





   и  ff

v

f 



v . 

By using formulas (4), (6), (7), we obtain 

      vvvv cossinsincos 0000 gegege  

                           

.

     00
2

00
2

00 sincos gegege  vv

             (8) 

Fig.1. Surface with system of flat coordinate lines 
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The properties described by formulas (4), (6) - (8), show 

expediency of introduction by a vector-function  vu,e , 

 vu,g . 

For the first time the equation of a vector function of a sin-

gle circle in any plane was used in investigation of the geo-

metry of cyclic surfaces [9, 10]. Vector-functions of a circle 

of single radius were usually used in the horizontal plane for 

rotational surfaces. Introduction of vector-functions of cir-

cles of single radius in any plane allowed investigating the 

geometry of cyclic surfaces in a general aspect. Attempts of 

many authors to conduct similar researches in a scalar form 

lead to bulky formulas and don't allow analyzing the ob-
tained results effectively. Synthesis of researches on the 

geometry of the cyclic allowed passing to studying of the 

geometry of surfaces with a set of flat coordinate lines of a 

general aspect [11-17]. 

Formulas (6), (7) allow obtaining a decomposition of deriva-

tives of vector-functions, on argument u on a simplex refer-

ence  vu,e ,  vu,g ,  un , using derivatives of only initial 

(set) functions  un and  u0e : 

         nneggenneggee 00 ; 

        nngegenngegeg  00 ;   

   gngenen  ; 

             nngge\neenegee g00

22

00 2

 

        gngnengnege  0000 ; 

          engnengnegeg 0000  

          nnegenggnege  00

22

00 2 ;      (9) 

By differentiating the vector-equation of a surface (2) on 

arguments u, v, decomposing a vector on a simplex refer-

ence and using formulas (9), we obtain 

nge 131211 TTTu ρ ;  nge 232221 TTTv ρ ; 

nge 333231 TTTuu ρ ;  nge 434241 TTTvu ρ ;  

nge 535251 TTTvv ρ ,    (10) 

где     RsT  eτ11 ;         0012 geg  RsT τ ; 

   nen  RsT 13 ; 

RT 21 ; RT 22 ;  023 T ; 

         RRkssT s


22

0031 negeee ντ ; 

              ngnengnegegegg  00000032 2 RRkssT s ν ; 

           nggenenenn  0033 22 RRkssT s ντ ;    

 0041 ge RRT  ;       0042 ge RRT  ; 

     neng  RRT 
43 ;   RRT  

51 ;   RT 252  ;  

053 T .       (11) 

 
du

d
s

r
r  ; ksks

 ; k - the curvature of directrix 

 ur ;. 

On the basis of formulas of differential geometry taking into 

account formulas (10) we obtain coefficients of quadratic 

forms of surface. 

А. Coefficients of the first quadratic form: 

  2
13

2
12

2
11 TTTE uu  ρρ ;    

  222
22

2
21 RRTTG vv

 ρρ ; 

  22122111 TTTTF vu  ρρ .                            (12) 

B. Discriminant of surface 
2
12

2
13

222 dTGFEG vu  ρρ ;  

2112221112 TTTTd  ;      (13) 

C.  Vector of a single normal to surface 

 










nge
m 12132122 dTTT

vu

vu

ρρ

ρρ
.          (14) 

D. Coefficients of the second quadratic form: 

   



 33121331223221 TdTTTTT

L uu mρ ; 

      








 43121320043121341224221 TdTgeGTdTTTTT

M vu


mρ ; 

     








 1311351225221 TGTTTTT

N vv


mρ ,          (15) 

 2
1 RRR   ;      RRRR  

2 . 

Formulas (12)-(15) submit geometrical characteristics of 

surfaces with family of flat coordinate lines of the most gen-

eral type. It is extremely wide class of surfaces. From for-

mulas (12), (15) it is visible that, generally, coefficients  F, 

M aren't equal to zero, and, therefore, the obtained system of 

coordinates of a surface isn't neither orthogonal, nor conju-

gated, and families of the coordinate lines u=const,  v=const  

aren't generally lines of main curvatures of surfaces. 

Equating zero formula of coefficients F or M it is possible to 

obtain ratios for surface parameters at which the system of 
coordinates of a surface will be accordingly orthogonal or 

conjugated. 

Important subclass of studied surfaces is a subclass of sur-

faces with system of the flat generatrix coordinate lines be-

ing lines of main curvature. The system of equations of the 

thin wall shells, written down for curvature lines, has a sim-

plest form. When using numerical methods of calculation 

the orthogonal tangential system of coordinates also is the 

most convenient. 

In order for generatrices - set of the coordinate u=const lines 

to be a lines of main curvature of surfaces, the ratio between 

coefficients of quadratic forms has to be carried out as: 

0 FNGM .                                                        (16) 

By reducing in a ratio (16) general denominator (discrimi-

nant ) taking into account formulas of coefficients (12), 

(15), we obtain 

      04312131200  TdGTFGGG ge .  (17) 

By substituting in the ratio (17) formulas of coefficients Тij 

and introducing a number of designations, we have 

        210022122111 FFRsRRsRTTTTF  gege ττ ; 

  RRRF  
00

2
1 ge ;        ge ττ RRsF  

2 ; 

        21002112221112 ddRsRRsRTTTTd  gege ττ 

; 

  001 ge RRRd  ;    

    ge ττ RRsd 2 ; 
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      11200 FGGGf ge  

              RRRGGRRRRG 
00

2
100 gege   

    

       RRRRGRRRRRGG 
100

222 ge  

   100
34 RRRRGRRR   ge .   

Grouping items, the condition (17) will be written down as: 

      0321  nngne τs ,              (18) 

где       21211 ddGRFGfR   ;  

122 dGR ; 

   213 FGfs  . 

       00100
34

11,1 gege RRGRRRRRGRRRRRdGRfR     

       

        100
342 RRRRRRGRRRGRR  ge

 

   100
2

2  ge RRRGR  ; 

              gege ττττ RRsGRRRsGRdGRFGR 
12212,1   

     2
1 GsRsR ge ττ    ; 

           2
1100

2
22,11,11 GsRsRRRRGR gege ττ    

                          

        GsRGsRRRRR gτeτge  
2100

2 

; 

       gτge sRRRRRGRGd 00122
 ; 

           eτge sRGRRRRGRRRFGf 1100
34

213   ; 













 

R

R
RRRR


 22

1 ;        

.
2

'

2
2 







 











 

R

R
R

R

R
RRRRR


 ; 

      RsRssR gee τττ    ;  

      RsRssR ge ττeτ  
.                      (19)   

The condition (18) represents quite difficult ratio which is 

difficult to be analyzed in a general view. But it can be used 

in investigation of various subclasses of surfaces. 

Let's consider a subclass of normal surfaces with a set of flat 

coordinate lines. 

Normal surfaces we will call surfaces, the system of flat 

generatrices which coordinate lines lies in the normal planes 

of the directrix. For example surfaces of revolution and 

Monge's ruled surfaces belong to this class of surfaces. For 

such surfaces the normal of secant plane coincides with the 

tangent directrix τn , and, therefore, 

    0 ge ττ ; νντ skks n ;     

  βντν sssss kkksk 


n ; 

   νene sk ;    νgng sk ;  

     βν eene sss kk  .         (20) 

Here k,  are curvature and torsion of a directrix. ksks
 ; 

 ss
 .    

Introducing the parameters, ks, χs is expedient as these com-

binations are usually simpler, than separately curvature and 

torsion, and, therefore, their introduction simplifies further 

transformations. The system of coefficients for normal sur-

faces will register as: 

RT 11 ;   0012 ge RT ;   νeskRsT 13 ; RT 21 ;  

RT 22 ;  023 T ; 

       RkRksT ss


222

0031 νν egee ; 

             ννννν gegegegeg  00
2

000032 2 ss kRRksT ; 

         νβνν ggeeee 0033 22  sssss kkkRRksT ; 

 0041 ge RRT  ;      0042 ge RRT  ;  

    νν eg RRkT s
43 ;               

RRT  
51 ; RT 252  ; 053 T .                              (21) 

The condition (2.1.3) (flat generatrices are lines of curvature 

of a surface) for normal surfaces becomes: 

         νν ggeege 00
2

2100
2 RRGRkGRRRRk ss

   

    0100
34  RRRRGRRRs  ge .      (22) 

The obtained condition significantly depends on types of 

directrices and generatrices and nature of change of a gene-

ratrix at movement along a directrix. Obviously, the condi-

tion (22) can significantly become simpler if nature of 

change of generatrices depends only on one parameter u orv. 

As an example of use of the above obtained results we will 

consider Monge's ruled surfaces. 

G. Monge defined the surfaces generated by movement of a 

flat curve, some being developed surface lying in the tan-
gent plane which rolls (or drives) without sliding on a being 

developed surface [17] into consideration. Surfaces are 

called ruled surface and in literature the name Monge's ruled 

surfaces is often used. Any point of the tangent plane of the 

being developed surface, makes when swing plane move-

ment orthogonal to the provision of the tangent plane at 

every moment of movement. Therefore, the flat generatrix 

lies in the normal plane of the curve described by any point, 

lying in the same tangent plane as a generatrix. Therefore, 

Monge's ruled surface is a normal surface. 

As the generating curve of a ruled surface doesn't change in 

the course of movement along a directrix  vRR  ,  

0 RRR  ,  02  .  

Let's consider a condition at which performance generatrices 

of surfaces will be lines of main curvatures of surfaces. By 

using formula (22), we obtain 

        000
2

1
334  gege νν GRRkRkRRRs ss

  .                

(23) 

Obviously for the condition (23) to fulfill, it is enough to 
equate to zero multiplier. As the vector lies in the normal 

plane of a directrix, then 

   ββνν 000 eee  ;    νβ 00 eg  ;       βν 00 eg  ; 

    12
0

2
0  βν ee ;        

 
 β

ν
νβ

0

0
00

e

e
ee





. 

Considering these ratios, we have 

                




 





00000000000 geegeegeege ββννββννββνν  
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0000
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By integrating the last ratio, we obtain 

  cos0 νe ,                                                           (24) 

  0   duu s ,   0 is the initial angle (и = 0) be-

tween vector 0e and normal vector   of a directrix (an inte-

gration constant). 

Thus, at movement of a flat generatrix along spatial directrix 

of Monge's ruled surface the angle between a normal of a 

directrix and coordinate system of a generatrix changes. In 

case of a flat directrix ( 0s ) this angle remains con-

stant 0 . 

As result we obtain: 

τn ; νskn ;  βντ ssss kkk  2
n ;  

    0 ττ ge ;  

   τν000 ennee sk ;       νν 00
2

00 gege sk ; 

       cossinsincoscossinsin 00  vvvv ννν gee ; 

   sine ;     sinνg ;     cosβg ;   

 v . 

And taking into account formulas (21) 

01211 TT ;  cos13 skRsT ; RT 21 ;   

RT 22 ;   023 T ; 

 cos1331 skTT ;  sin1332 skTT ;  

 sincos33 sss kRkRsT ; 

04241 TT ;   cos43 RkT s ; RRT  
51 ;     

RT 252  ;                 (25)    

Coefficients of quadratic forms: 

 cosRksEA s ;   0
22 sRRGB   ;  

0F ;    AB ;    

B

RR
m

ge 
 ;  

B

A
kRL s


 cos ; 0M ;   

 
B

RRRR
N

22  
 .     (26)          

        The main curvatures: 

sk
AB

RR
k




sincos
1


;     

 
03

2

2

2
k

B

RRRR
k 





.                  (27)  

00 , ks are the differential and the curvature of a generatrix. 

The fact that curvature k2 of a carved surface is equal to cur-

vature of a generatrix, shows that generatrices of Monge's 

ruled surfaces are geodesic lines of this surface. 

If the flat directrix is a circle, then the ruled surface is a sur-

face of revolution. Thus we obtain: as  ; ak /1 ;  

1sk ;  0 . Taking into account these ratios, the coef-

ficients of quadratic forms and the main curvature are calcu-

lated by formulas (26), (27). 

If the radius of the directing circle tends to zero ( 0s ), 

then we will obtain a surface of revolution in the spherical 

system of coordinates. 

If the equation of the flat generatrix of the ruled surface is 

defined in a parametrical form in the rectangular system of 

coordinates: 

 vXX   ;     vYY  ,                                       (28) 

then the equation of a ruled surface  will be written as fol-

lows: 

          ,,, 00 uvYuXuu ger vρ ,         (29)  

   sincos,0 βν ue ,       cossin,0 βν ug  

is unitary vectors of the rectangular system of coordinates in 

the normal plane of the directrix -  ur ;  

  0   duu s is the between unitary vectors 

00 , ge and normal ν  and a binormal vectorsβ of a spatial 

directrix. For a flat directrix it is accepted const 0 , 

particularly 00  . 

Examples of ruled surfaces are plotted using MathCAD sys-

tem are given in fig. 2. The equations of surfaces in curva-

ture lines were used. 

Ruled surfaces with a directing ellipse ux cos5,2 ; 

uy sin  and generatrices: (fig. 2, a) a  parabo-

la
21,0 vz   (0  v  1); (fig. 2,b) a sinusoid  kvz sin5,0~    

(0  v  , р = 6). with an axis turned to the ellipse plane for 

30. 

Fig. 2c, the directrix is a parabola х = и,
2uy   (-1  и  

1), the generatrix is a sinusoid  pvz sin2  (0  v  ,    р 

= 4). Fig. 2d – the directrix is an involute of a circle 

)sin(cos5,0 uuux  , )cos(sin5,0 uuuy   (/2  и 

 4,), the generatrix is a hyperbolic curve chvx 5,0 ; 

shvy 8,0 (-1,5  v  1,5).    

Fig.2,e,f – the directrix is 

conic flat spiral 

http://www.multitran.ru/c/m.exe?t=1500975_1_2&s1=%E3%E8%EF%E5%F0%E1%EE%EB%E0
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uex u cos5 08,0 , uex u cos5 08,0  (0  и  4), the 

generatrix is cycloid )sin(~ vvax  , )cos1(~ vay  : д) 

а = 2,  е)  а = 2, (-   v  3).  Fig. 2,g – the directrix is 

a straight line (z-axe) , the generatrix is a parabola 
2vz   

with a tilt angle to directing equal to 30o (a surface of revo-

lution). 

The ruled surfaces with the screw directrix 

ux cos8 uy sin8 ,  uz 2 , and a directrix: a parabo-

la (fig. 2, h), an ellipse – (fig. 2, i), a sinusoid (fig. 2, j) and a 

straight line (fig. 2, k). 
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