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Matrix Representation of Groups in the Finite

Fields

GF (2"

AhmadHamza Al Cheikha

Abstract— The representation of mathematical fields can be
accomplished by binary rows (or columns) of a binary triangular
matrix as the Hamming’s matrices, but this representation don’t
show the basic product properties of the fields, that is the nonzero
elements of the fields forms a cyclic multiplicative group.

In this paper we show that the elements of the fields GF(2"),
and their subgroups, can represent as square matrices by m —
sequences, which satisfies the product properties as a cyclic group.

Index Term - Galois fields, m-sequences,cyclic groups,
Orthogonal sequences.

I. INTRODUCTION

m- Linear Recurring Sequences
Let k be a positive integer and A ,Ag, A4,...,A_1 are

elements in the field Fq , then  the sequence ag,ay,... is

called non homogeneous linear recurring sequence of
order Kkiff :
ik = Ak-18n4k-1+ Ak-28n+k-2 -
+Apan +4, 4j € Fq ,i=01,....,k-1
k-1
O &ni =D Aidnsi+4 @
i=1
The elements ag, ay,...,a8,_1 are called the initial values
(or the vector (ag,ay,...,8,_1) is called the initial vector).
If 4 =0 then the sequence 8y, 8y, ...
is called homogeneous linear recurring sequence (H. L. R.
S.), except the zero initial vector, and the polynomial
f(x)=xk +ﬂk_1xk_l+...+/11x+ﬂo 7))
is called the characteristic polynomial. In this study, we are

limited to Ag =1. [1]-[3]

Il. THE IMPORTANCE OF THIS RESEARCH AND
ITSOBJECTIVES

The elements of the fields GF(2"), and their subgroups, can
be represented assquare matrices by m — sequences, which
satisfies the multiplicative properties as a cyclic group, that is
it will be useful in many other scientific branches. For
example orthogonal sets in the forward and the inverse link of
communications channels in the CDMA systems especially in
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the second (1S-95-CDMA), the third.... (CDMA200,...), the
pilot channels, the Sync channels, and the Traffics channelsin
the present or in many other scientific branches in the future.

I1l. RESEARCH METHODS AND MATERIALS
Basic Definitions and Theorems
Definition 1.Let S be a nonempty setand ag, a,.... is
sequence from S and if there is r > 0 such that:
anir=2an : N=ng ; Ng=0 (3)
Then this sequence is called Ultimately Periodic Sequence,
and ris called a period of this sequence, the smallest positive
integer between these r’s is called the period of this sequence,
and the smallest non negative ng such that:

anyr =@y - N2ng ; Nng=0,

is called Pre-Period, [1][ 4]
Definition 2.The Ultimately Periodic Sequence
ag, ay,....with the smallest period r is called a periodic
iff: ansr =23y - N=0,1..[1]-[4]
Definition 3.The complement of the binary vector
X = (%1, Xp,...,Xn ) is the vector X = (X1, X9,...,Xp) ,
1 if Xi=0 [1][4]
0 if Xj :1.
Definition 4. (Euler function ¢). ¢(n) is the number of

the natural numbers that are relatively prime
withn.[5]-[ 8]
Definition 5.AnyPeriodic Sequence ag,dy,....0ver Fq

when x_I ={

with prime characteristicpolynomial is an orthogonal
cyclic code and ideal auto correlation [1]- 10].

Definition 6.The binary periodic sequence (8;)jcp , With

the period r has the property of “Ideal Auto
Correlation” if and only if its periodic auto correlation

R, ()of the form:
r ; forr=0 mod(r)
Ra(7)= . i
-1 ; otherwise

r-1
When: Ry (7) = Z(—l)a(”‘)+a(‘) [11.[2]

t=0
Theoreml.

i. If ag,a,.... isahomogeneous linear recurring

sequence of order k in F , satisfies (1) then this

sequence is periodic.
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ii. If this sequence is homogeneous linear recurring k-1
sequence, periodic with the period r, and its GF(Zk) ool = Zb' ali=012. 2kl
ot - ) J ' 1y Ly
characteristic polynomial f(X) then r|0rd f(x). =0
[6] k-1
iii. If the polynomial f (X) is primitive then the period {0}, 0= Zoal
of the sequence is qI< —1, and this sequence is called j=0
m — sequence. And the function: h: GF(2k) — S as following:
Lemma 2.( Fermat’s theorem ). IfF is a finite field and has )
g elements then every elementa of F satisfies the h(a') =h(i)=h[bg by ...b_1]= [bo by brg b by 2]
equation: X% =x. [6],[9] Then h is one-to-one corresponding and:
Theorem 3.For any primitive element p and any positive o ) )
| is a field F, which has p" h(a'+at) =h(a) +h(a’)
integern there is a field F, which has p"' elements ata o o
and any two fields having q = p" Elements are h(ma')=m.h(a'), m=0or1

isomorphic. [6],[9],[11]
Theorem 4.

L (@"-D|@" D < m|ne@

And h is Linear Transformation and isomorphism from the
additive group (GF(Zk),+) to the additive group (S,+).

n B. Second Step
ii.If Fq is a field of order g = p ' then any subfield of

m ) ) Theorem 8: Suppose ag,ay,.....is a non zerohomogeneous
them of the order p™ andm|nand by inverse if linear recurring sequence of order k in F, and f(x) is their
m | nthen in the field Fq there is a subfield of order primitive characteristic polynomial, S, is the initial

bounds where r=2K —1 and $= {S1,S,....S, }are

p™ . [6]91.[11] - . b2
the all cyclic shifts. Let A is a matrix which its rows are

Theorem 5.The number of irreducible polynomials in _ P ) )
F (X) of degree m and order e is g(e)/m ,if e>2, elements $ respectively, then {A , | =1,...,r}|s a cyclic
multiplicative group, relatively to product of matrices,

whenm is the order of g by mod e, and equal to 2 if . ; i
having the period of S;(X)and rows ofA'are the

m =e =1, and equal to zeroelsewhere. [6]-[9] )
Theorem 6. If g(X) is a characteristic prime polynomial shifts to rows of A.

of the (H. L. R. S.) ag,8y,....of degree k, and & isa Proof:

S1

root of g(X) inany splitting field of F, then the 5
k i \N Suppose A= 2 | and we will compute A2 =A-A.

general bound of the sequence is: ap, =2Ci (az ) .

i=1 Sy

[11].[12].

Suppose the first row @y in the matrix A?then:
* The study here, is limited to the fields Galois GF (2")

=) S

_ V. RESULTSAND DISCUSSION Whenlletlhe set of allcolumns in A which does not start by
A. First step zero, and we see that:
Theorem 7:Suppose 8g,ay,.... isanon zero homogeneous X, Ye$& XY =>X+Y e
linear recurring sequence of order k over F, ={0,1} and Then an =S| €$
f (x) is its prime characteristic polynomial then the first The second row @» in A? is a result of shift i by 1digit to
r = 2K —1bounds with all its cyclic shifts forming an the right, then: @, = ZSi+1 = S|,1, and respectively we

additive group. icl
Proof: This sequence is periodic with period r = 2K _1. we have @, = Zsi+r—1 =S)r_1, when the
suppose $ = {Sl, Sy,....S; fwhere S; =(&4a,..a,) icl

is the sequence of the first r = 2k —1bounds, and indexescomputed by mod r, then the rows of the matrix

2
Sy =(ayay...a;_1),..., Sy =(ayaz...a,ay)are allits A" are shifts to rows of A, On other hand we suppose that

$(x)={S1(x), S2(x),...,Sy (x)} then:

cyclic shifts, and we suppose O = Sj =(0......0),

S=%u {So}and if « isaroot of the prime polynomial
f (x) and:
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@) =2 Si(x) ;

@) =2 8i1()=2 x8i(x) ;...

or ()= X718 (x)

And: = _

o= Si(})=2 X500 = @(x)=5{(x)

iel icl

When: Slz(x)e $(x), and the calculations are done by

k
(mod(x2 -1 —1)) , And we have:

@5 (X)= xS (X); ... ; o ()= x" 152 (x)
Suppose [fi (X)]denotes the row of coefficients of (X) ,

respectively to increasing exponents of x, and which has the
length r, then:

s1(x)] [Su(x) sf(x)

A SZ(X) _ XSl(X) . A2 xSlz(x) -
.Sr(x) x"71s,(x) ;(r—lslz(x)
B

AT R TP
_xr_lsil(x)_

S;(x)7] |1 1
A= SZ(X)} " Sy(x), A%= X s(x),
500 |t 1
1
LA S{(x),i=1,2,..r
Xr—l

Result 1: The period of the sequence A, AZ, A3,....is equal
toord(S;(x)) and divides 2K 1.

Result 2: If ord(S1(x)) = 2K _1 then Siis representation
to the field GF(2X).

Result 3: If ord(Sy(x))=1and 1|2 —1 then

|=2M—land<A> isa representation to one
subgroup of order | in the field GF(2k)
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Result 4: If ord(Sy(x))+1=2' and I|k then
< A> U{O}is representation to the Subfield GF(2I ).

Result 5: If 2€ —1is prime then all elements of S;(x) are of

the order 2k — 1 except only one of them that is of the
order one

C. Third Step
Example 1: If « is a root of the prime polynomial

f(x)= x> + X +1and generates GF(23) then the

Binary representation of the elements of GF(23) is:

= (M=[010]; & =l+a+a’ = (5)=[111]

o

o S@=[001]; &® =1+a® =@ =[101]
& =1+a —(D=[110]; &' =1 —(7)=[100]
at = a+a® =@ =[011]; 0 —(0)=[000]

Where (i),i=0,1, 2,...,7 is the symbol of the sequence i.
The field GF(23) contains two subfields : GF (2) and the
same GF(23) and the divisorsof the number 7 are 1 and 7
consequently GF(23) contains twomultiplicativesubgroups

are: GF*(2) and GF*(2%).
Suppose the Linear Recurring Sequence be
a.n+3Zan+1+anoran+3+an+1+an:0 (1)

Figure(1): Linear feedback register of degree3 generates
sequence (1)

With the characteristic equation X3+ X+1=0 and the
characteristic polynomial f (x) = %% + X +1,which is a

prime and generates F23 and if x=a e GF(ZS) is a root of

f (X) then the solutions of characteristic equation are

2”, a4n}. The general solution of equation (1)

2-a”+a4-a2n+a-a4n,

{a", a
isgiven by a, =« and
thesequence is periodic with the period 28 _1-7.
For the initial position: & =1,a, =0, a3 =0, then

$;=(100101 1) and by the cyclic permutationsonS; we
have $=1{S;,S5,S3,S4, S5, Sg, S7 } where:

Sh=011001010) » g2=(111
Ss=(1011100) , Se=010

The first three digits in each sequence are the initial position
of the feedback register.
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The matrix A of the cyclic permutations of S; is:

1 G0 1011

1100101

1110010 1001 o011
. 1 01 01

4=[0 1 1 1 0 0 1|orbriefly 4= 4 -

o1 1oo 001011t

60101110

0010 11 1]

The first row in this matrix is called The head row.

I the function h: GF(2%) — $where:

h(ai) =h(i) = hj = [The row of the matrix A corresponding
of the initial position I ].
Then h; is isomorphism from the group (GF(23),+) on the
group ($,+) .
I- In this matrix the head rowis: s, =1 0 0 1 0 1 1]
and the head polynomial is:

h() =S;(X) =1+ x>+ x° +x°.

We see that: Ay = A% = A and {O, A} is a representation

of the field GF(2) , where O is zero matrix.
11- We suppose that;

1001011
In this matrix the head row is:
h(3=S, =L 1 0 o 1 o 1] and the corresponding

head polynomial is: S, (X) =1+ X+ x* +x8 Thus
11100 10
> |01 11 0 01
B, =B° =
1100101

In this matrix the head row is:
hG)=Ss=[L 1 1 o o 1 o] andthe corresponding

2

head polynomial is: Si (X)=1+x+x“+ X°, Thus

0111001

B._g3_|1 01 1100
5 =B3 =

In this matrix the head row is: hy-s,=[o 1 1 1 0 o 1]

and the corresponding

2 3

head polynomial is: S:; (X)=X+ X"+ X"+ x®, Thus

1 01 1 1 0 O

0 1 1 1 O
01 1 1 0 0 1

In this matrix the head row is:

he)=Ss=[L o 1 1 1 o o]and thecorresponding
3

[EE

By =B*=

head polynomial is: Sg (x)=1+ x2 +x3+ x4, Thus
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0
By =B% =

1 01 1 1 00

In this matrix the head row is:
h@)=Sg=[0 1 0 1 1 1 o0]and the corresponding

head polynomial is: Ss(x) =x+ x> +x*+x°, Thus
2
00101 11
6 |1 00 1 0 1 1
Bg =B° =
0101110

In this matrix the head row is:
h(2)=S;=[0 0 1 0 1 1 1]and the corresponding

2 4 5

head polynomial is: SZ’ (X)=x“+x"+X +x®, Thus

1 0 01 0 1 1

11 0 0 1 0 1

0 01 01 11

In this matrix the head row is:

h(7)=S;=fL 0 o 1 o 1 1]and the corresponding

5+x6,and

B;=B'=

head polynomial is: SZ (x) =1+ X3 + X

By =B®=B.
We see that {O, By, B, B, By, Bs, Bg, By }isa
representation of GF(23) and

ord(B,) =ord(By) =ord(Bs) =ord(B4) =ord(Bs) =ord(Bg) =7

The field F,; contains (p(Zk —l)/k = go(23 —1)/3 =2

third degree irreducible polynomials that are:

f(x)= x3 + x +1and its conjugate g(x) = x3+x% +1,
and g(Xx) is a prime polynomial then we can represent

F,3 by two different ways.

D. Fourth step
Example 2:If « is a root of the prime polynomial

f(x)= x4+ x+1and generates GF(24) then the binary

representation of the elements of GF(24) is:

@ =) =[0100]; & =a+a (5 =[0101
a? = @=[0010]; &P =1+a+a® —={10=[1110
o =(3H=[0001]; &l =a+a? +& —D=[0111

]
]
]
at=1+a  —=@®H=[1100]; &? =1+a+a® +a"—(12)=[1111]
& =a+ad® =>(9=[0110]; e =1+a? +a® =13 =[101]]
P =at+’=wE=[0011] . =1+ & —(14)=[1001]
& =l+a+a’ =D =[1101] .’ =1 —(15)=[1000]

]

af =1+a?  —(8)=[1010]: O —(0)=[0000

Where (i),i=0,1, 2,...,15is the symbol of the sequencel.
The field GF(24) contains three subfields are: GF(2) ,
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GF (22) and the same GF (24) and the divisors of the
number 15 are 1, 3, 5 and 15 consequently GF(24) contains
four multiplicative subgroups : GF*(2), GF*(22), one

group of the order 5 and GF*(24) .Suppose the Linear
Recurring Sequence:

8ni4 =8p1+8n0rang +an +an =0 (2

0 L

Figure(2): Linear feedback register of degree 4
generates sequence (2)

With the characteristic equation x* +Xx+1=0 and the
characteristic polynomial f (x) = x4+ x+1, which is prime
and generates F24 andif X=a e GF(24) is a root of

f (X) then the solutions of characteristic equation are

{oz,az,a4,a8 =a? +1} and the general solution of
equation (2) is given by:

2 8n

ap =ca" +cpa?" + cea™ + cha
For &y =1, ap =0, ag =1,a, =0 we have:

an =a9an +0{12aZn +a9a4n +a3a8n

and the sequence is periodic with the period 2% _1-15.

s; =(1,0,101111,0,0,010,01)s, = (11,01,011110,0,010,0)..

's15 =(01,011,11,0,0,010,011)

The first four digits in each sequence are the initial position of
the feedback register.

The matrix of the cyclic permutations of S; is the following
matrix:

1 010111100010 0 1]
110101111000100
011010111 1000710
0011010111100 01
10011 0101111000
010011010111100
001001101011110
A={0 0 01 00110101111
100 01 0011010111
1100010011010 11
111000100110 101
111100010011010
0111100010011 0 1
1011110001 00110
01 01 1110007100 1 1}
Or briefly:
10101111000 001
11010111100 100
A=A =
010111100010011

The first row in this matrix is called The head row.
If the function h:GF(2%) — $ where:
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h(ai) =h(i) = h;= [The row of the matrix A corresponding

of the initial position i], then h; is isomorphism from the

additive group (GF(24),+) on the additive group ($+) .

In this matrix the head row is:

h=S;=fL 0 1 01111000100

And the corresponding head polynomial is:

o

Sl(x):1+x2+x4+x5+x6+x7+x11+x14, Thus:
10001001 0101
2 |1 0 0010 1 010
0001001101011
In this matrix the head row is:
h(15)=Sg=L 0 0 0 1 0 011 01 0 1
and the corresponding head polynomial is:
SS(X)zl-i- X+ %3+ %% +x8 +x7 +x8 +x2 Thus:
1
11 1011110001
3 |01 1 1 111100
Ag=A"=
1010111100010

In this matrix the head row is:

h(15)=S¢g=[L 0 0 0 1 0 0 1 1 0 1 0 1 1 1]

and the corresponding head polynomial is:

83(x)=1+ X+ % +%° +x8 +x7 +x8 +x1? Thus:
1
1100010011010 11
4 /111 000100110101
Ap=A"=
1000100110101 11
In this matrix the head row is:
h(4)=Si10=1 1. 0 0 012 0 02101 0 1 1]
and the corresponding head polynomial is:
34(X)=1+X+X5+X8+X9+X11+X13+X14 Thus:
1
011 01 01 1 1 1 0 0 O0 1 O
5 |[001 101011110001
As=A=
11 0101111000100
In this matrix the head row is:
hG)=S3=[0 1 1 01 0 11110 0 0 1 0]
and the corresponding head polynomial
is:Ss(X)=X+X2+X4+X6+X7+X8+X9+X13Thus:
1
1 1 00 01 001 01 0 1
6 |1 1100 10 1 10
Ag=A° =
1100010011010 011

In this matrix the head row is:

h@0)=S;;=fL 112 0 0 010011010 1

and the corresponding head polynomial

is: 86(x) =1+ X+ %2 + X% +x% +x10 + x22 + xM Thus:
1
0 o011 01 01 1 1 1 0 0 0 1
7 10 0 1 1 01 01 1 1 1 0 O O
A =A" = o
011 01 011 11 0 O O 1 O
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In this matrix the head row is: 01 000 011
h)=s,=[0 0 11010111100 0 1 w|00101111000100:1
and the corresponding head polynomial Pg=A"=_
is:S7(X):X2+X3+X5+X7+X8+X9+X10+X14Thus: 101111000100110
1 . . .
In this matrix the head row is:
h(@9=S5=[0 1 0111100010 01 1]
111100010011010 and the corresponding head polynomial
011110001001 101 i
Ag = A° = is: ST (%) = x+ %3 +x* + X% +x8 + x10 4+ x4 x4 Thus:
o - -~ o oo~ oo 1
1110001001 1010 1 000100110101

In this matrix the head row is: Al—A15—1 0001001101
h12)=S;,=1 11100 01001101 0] STl - - - - - - - - - -

and the corresponding head polynomial 0010011010111 10
is: S200) =14+ x+ X2 + X3 +x7 +x0 + x4+ x13 Thus: In this matrix the head row is:
1 h3d=Sg=[0 0 0 1 0 011010111 1]
1001 10101111000 and the corresponding head polynomial
e |01 0011010111100 15 3 6. .7 9 11 12 13 14
Po=A"=I_ _ _ _ _ _ _ _ _ _ _ _ _ __ i5:ST2(X) =X+ X7+ X X AXTHX X+ X Thu
1
001 10101111000 1 16
In this matrix the head row is: s Ag=A"=A.
h@=Ss=[L 0 01101011110 0 0 By considering hy = O we see that:
and the corresponding head polynomial _ _ _ _ _
ord =ord =ord =ord(A;)=ord =
is:Sg(x):1+x3+x4+x6+x8+x9+x10+x11 Thus: A o) A) (A7) o)
1 =ord(Ayy) =ord(Ay3) =ord(Ay) =15
011110001001101 According to above calculations:

Ao = AL c01111000101110 Theset: A={0, A, Ay, Ag,...,Ai5} is an additive group

11110001001 1010 (Table 1) and the set A :{A,A2,A3,...,AL5} isa
In this matrix the head row is: multiplicative group of order 15 the identity is A5 (Table 2).
h@)=S;3=[0 1 11212 0 0 010 0110 1]

and the corresponding head polynomial

is: Slo(x) =x+ %2+ 33+ x x84 x x4 x4 Thus:
1

Then the set A is a representation of GF(24) .
The field F,4 contains go(Zk —1)/k = (/1(24 —1)/4 =2 third

degree irreducible polynomials that

010011010111 100 4

Ay Al 0 1001101011110 are f(X) =X~ + x+1and its conjugate g(x) = X x4,
1=All=

- - - - - - - - - - - - - - also g(x) is a prime polynomial then we can represent
10011010111 1000

In this matrix the head row is:

h@=S¢=[0 1 0 011 01011110 O] .

and the corresponding head polynomial - Supposle thle n:)atrllx. 0 1
4 5 7 9 10 11

is:Sll(X):erX +x°+ X7+ x2 x4 x4+ X2 Thus: E_p _ |01 1010
1 =B =

4

F24 by two different ways.

H
NN

1
1

= O

0
0

o O
= O
o o

1
0
101111000710011 .

01011110001001 oot ° ° °
Ay =A2= In this matrix the head row is:

- T - - h(7)=S,=[L 1. 01 0 11110 0 01 0 0]

c111100010011°01 and the corresponding head polynomial

In this matrix the head row is: . _ 3,5 6 ,,7,.,8 .12 .
h(i2)=S;4<[L 0 1 11100010011 0 i:So(X) =1+ X+X"+ X" +X" +X' +X +X“ Thus:

and the corresponding head polynomial 111000100110101

111100010011010
is: Slz(x) 132 x4 3%+ x2 + x13 Thus: B =B?=
K . - -

[

i
[y
o
[Ey
o
]

001001101011 110 1100010011010 11

A12A13:000100110101111 In this matrix the head row is:

8 - - - - - - - - - - - - h10)=S;;=[1 11 0 0 01 0 011 0 1 0 1]
610011010111100 and the corresponding head polynomial

In this matrix the head row is:
h(2=S7;=[0 0 1 0 0110101111 Q]
and the corresponding head polynomial
is: S13(%) = x2 4 x5 + X8 + x84 x20 4 1L 1 422
1

is:Si (X)=1+x+ x2 4+ %0 4+ %% + %19 + x12 4 x4 Thus:

+XT X HEXTTHEXTHX +x13Thus:
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1 0 0 1 0 1
01 00 1 0 0

0011010111

In this matrix the head row is:
h@®=Ss=L 0 0 11 01 011110 0 O]

and the corresponding head polynomial

is: Sg(x) =1+ X+ X2 +x° + X8+ x7 +x8 + x1? Thus:

[y

0 1
1 1

B
R
= o

o O
o O

1
1
53253:

[ay
o
o
o
=

1 1111000100110
B, —B4 0 1 111100010011
4 =B" =

011110 0 1 11 1

In this matrix the head row is:
h@2=S4= 0 1 11100010011 0]

and the corresponding head polynomial

is: 84(x) =1+ %% + 53+ x* 5 +x% +x2 + X3 Thus:
2

000100110101 1101
100010011010 111
001001101011 110
In this matrix the head row is:

h3®=Sg=[0 0 0 1 0 011010111 1]
and the corresponding head polynomial

is: Si (X) _ X3 4 X6 7 9 11 12 13 14

Bs =B° =

+X X" HXTHEXT XX

Thus: By =B® =B.
Then the set B = {O, By, By, Bs, By, B5} is not an additive
group because B+ B, does not belongs to the set and:
ord(B;) =ord(B,) =ord(B3) =ord(B,) =5. Also, B’

= {Bl, Bo, B3, By, B5} is a multiplicative group of order 5
and the identity in their is B; = Ay 5.(Table 3).
The field F.4 contains (/)(2" —1)/k = g0(24 —1)/4 =2 third
degree irreducible polynomials that are:

f(x)= x* + x+1and its conjugate g(X) = x4 +x3 +1.
Also, g(X) isa prime polynomial then we can represent the
group {B, By, Bs, By, B5}by two different ways.

111- Suppose the matrix:
011010

0O 01 1 0 1

11 01 01111 000 1

In this matrix the head row is:
h6)=S3=[0 1 1 0 1 011110 0 0 1 0]

And the corresponding head polynomial is:

S3(X) =x+ X2+ x4 +x8 +x7 +x8 + x% + xL3Thus:

011110001001 10
1 111100010011
111100010011 010

In this matrix the head row is:
h@)=S;3=[0 1 1 11 0 0 010 011 0 1]

[
[
[y
[y

L o
[

~ o

o
=
=
=
o o
o o
o

c=c =

o

[y

o
o

C,=C?=
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and the corresponding head polynomial is:

2 3 4 8 11, 12

Si(x)=x+x 3 x4 +x® +x x4 x4 Ths:

000100110 1111

1
CC3100010011010111
3=C"=

0010011010111 110

In this matrix the head row is:
h(3=Sg=[0 0 0 1 0 0110101111

And the corresponding head polynomial is:

S33(X)=X3+X6+X7+x9+x11+x12+x13+x14

Also, Cy = C*=C, and we see that:

ord(Cy) =ord(C,) =2butord(C3) =1

Thus, we have for the sets : € = {O, C, Gy, C3}and
¢ ={0,C;,Cy, C3}. (Table 4)

IV- From the
table we see

previous
that:

+ | 5 o |05
5 O O | C5

And the set {O, C3} represent the field {O, C3}. Thus we
can represent it by two different ways.

V. RESULTS AND RECOMMENDATIONS

1. The fields GF (2") and their subfield can be
represented by square matrices.

2. The multiplicative group GF*(2") and their

subgroups can be represented by square matrices.
3. The equations of the degree less than or equal to n on
GF(2) can also be solved by square matrices.

4. Building encoders on the field Fq when q| n are
recommended for further study.

APPENDIX
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Matrix Representation of Groups in the Finite Fields GF (2")

Table 1: Addition on the additive group A

. A | Ay | Az | Ay | A5 | Ag | As
Al Az | As | Ag | As | As | A7 | Ag
Ax [ Az | Ag | A5 | As | A7 | s | Ao
Az | Ay | As | Ag | A7 | Aa | Ay | A1
Ay | As | As | A7 | A | Ao | A | A1
As [ g | A7 [ ds [ Ao [dp [ 4n |4
As | A7 | Az | Ao | A | An | A1z | A1z
Ar [ g | Ao [Aw [ An [ An | 41z [ 41
Az | Ao | Ao | Ann | A1z | A | A1g | dis
Ag [ A | An | Az | A1z | Aue | A1s | A
Ap | An A A | A 4| 4 | 4
An| Az | A | dw | d1s| A | Az | Az
Ap | Az [ Ay [ Ay | A | Ax | As | Ay
Ap | Ay A5 | A | Ag | Az | Ay | 45
A | Ais| A [ As | As | Ag | As | Ag
A A | Aa | Az | Ag | A5 | A5 | A7

Table 2:Multiplication on the multiplicative group A”

Az | Ay | Aro | Ann | Az | A | Aig | Ao
Ay | A | An | A [ A1z | A [ 415 | 4
Aw | An Az A | A A A | 4
An| Ap | Az (A [ A1s] A | Az | Az
A | A | A | Aas | A | Ay | Az | Ay
EHENENENENENENES
A ds| A | Az | Az | As | 45 | A5
A | A | Ay | As | As | As | As | A7
A | Ay | Az | Ay | A5 | dg | A5 | As
Ay | Az | Ay | As | As | 47 | A | As
As | Ag | As | As | Ar | ds | Ao | Aw
Ay | As | As | A7 | s | Ao | A | An
As | As | Az | As | Ao | Aw | An | A
Ag | A7 | Az | Ao | A | An | A1z | Ais
Az | As | Ao | Aw [ An | Ap | A1z | A
Az | Ao | Ao | An | Az | A | Aig | Ais

Table 3:Multiplication on multiplicative group B*

Retrieval Number: B2227054214/2014©BEIESP

oo oy e | OG5
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Tables 4: Addition on C and multiplication on C”
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