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Abstract:  The representation of mathematical fields can be 

accomplished by binary rows (or columns) of a binary triangular 

matrix as the Hamming’s matrices, but this representation don’t 

show the basic product properties of the fields, that is the nonzero 

elements of the fields forms a cyclic multiplicative  group. 

  In this paper we show that the elements of the fields GF(pn), 

and their subgroups,  can represent as square matrices by m – 

sequences, which satisfies the product properties as a cyclic group. 

 

Index Term - Galois fields, m-sequences, cyclic groups, 

Orthogonal sequences. 

I. INTRODUCTION 

m- Linear Recurring Sequences 

Let k be a positive integer and  110 ...,,,, k   are 

elements in the field qF , then the sequence ...,, 10 aa  is 

called non homogeneous linear recurring sequence of 

order kiff : 

or 1,...,1,0,,
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The elements 110 ...,,, kaaa  are called the initial values 

(or the vector )...,,,( 110 kaaa  is called the initial vector). 

If 0  then the sequence ...,, 10 aa is called homogeneous 

linear recurring sequence (H. L. R. S. ), except the zero 

initial vector, and the polynomial 

01
1

1 ...)(   
 xxxxf k

k
k

      (2) 

is called the characteristic polynomial. In this study, we are 

limited to 10  . [1]-[3] 

II. THE IMPORTANCE OF THIS RESEARCH AND 

ITS OBJECTIVES 

The elements of the fields GF(pn), and their subgroups,  can 

be represented as square matrices by m – sequences, which 

satisfies the multiplicative properties as a cyclic group, that is 

it will be useful in many other scientific branches. 

 

 

Most of the existing communication devices (such as coders 

channels and decoders) for example, orthogonal sets in the 
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forward and the inverse link of communication channels in the 

CDMA systems especially in the second (IS-95-CDMA), the 

third…. (CDMA200,…), the pilot channels, the Sync 

channels, and the Traffic channels uses computational Binary 

SystemF2 due to ease of manufacture and affordability which 

shows how the significance of this research. This study 

contributes notions for making modern communication 

devices to be efficient, confidential and safe, although the cost 

may not be low, using computational Fpsystems where p> 2, 

in the present or in many other scientific branches in the 

future. 

III. RESEARCH METHODS AND MATERIALS 

Basic Definitions and Theorems 

Definition 1.Let S be a nonempty set and ....,, 10 aa  is  

sequence from S and if 0r  such that:   

0; 00;  nnnaa nrn (3) 

Then this sequence is called Ultimately Periodic Sequence, 

and r is called a period of this sequence, the smallest positive 

integer between these r’s is called the period of this sequence, 

and the smallest nonnegative 0n such that: 

0; 00;  nnnaa nrn , 

is called Pre-Period, [1][ 4] 

Definition 2.The Ultimately Periodic sequence ....,, 10 aa
 

with the smallest Period r is called a periodic iff:   

...,1,0;  naa nrn  [1]-[ 4] 

Definition 3.The complement of the vector:   

),...,,( 21 nxxxX 
,  

when pi Fx  ,  

is the vector ),...,,( 21 nxxxX  ,when  

ii xpx  1 , and  ),...,,( 21 nxxxX   when  

pxpx ii mod
 
. [1]-[ 4] 

Definition 4. (Euler function ). )(n is the number of the 

natural numbers that are relatively prime with n.[5]-[ 8] 

Definition 5.AnyPeriodic Sequence ....,, 10 aa over pF ,  

when p is prime, with prime characteristic polynomial is  an 

orthogonal cyclic code and ideal auto correlation [1]-[ 10]. 

Definition 6.The binary periodic sequence Niia )( , with the 

period  r has the  property of  “ Ideal Auto  Correlation” if and 

only if its periodic auto  correlation   aR of the form: 
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Theorem1. 

i. If  ....,, 10 aa  is a homogeneous linear recurring 

sequence of order kin pF  , satisfies (1) then this 

sequence is periodic. 

ii. If this sequence is homogeneous linear recurring       

sequence, periodic with the period r,and its           

characteristic polynomial )(xf  then )(xfordr .  [6] 

iii. If the polynomial  )(xf is primitive then the period of  

      the sequence is 1kp , and this sequence is called m – 

sequence. 
Lemma 2.( Fermat’s theorem ). If F is a finite field and has  q 

elements then every element a of F satisfies the equation: 

xxq  . [6],[9] 

Theorem 3.For any primitive element p and any 

positiveInteger n there is a field F, which has
np elements and 

any two fields having 
npq  elements, are isomorphic.  

[6],[9],[11]    

Theorem 4. 

i.   nmqq nm  )1()1(         (4)  

ii.   If qF is a field of order 
npq  then any subfield of them  

      of the order 
mp and nm and by inverse if nm then in  

     the field qF there is a subfield of order
mp . [6],[9],[11] 

Theorem 5.The number of irreducible polynomials in 

)(xFq of degree m and order e is me /)(  ,if 2e , When 

m is the order of q by mod e, and equal to 2. Also, if  m = e  = 

1, and equal to zero else where. [6]-[9] 

Theorem 6.If )(xg  is a characteristic prime polynomial of 

the (H. L. R. S.) ....,, 10 aa of  degree k, and   is a root of 

)(xg in any splitting field of  F2then the general  bound of the 

sequence is: 
n

p
k

i

in

i

Ca 














1

1

 . [11]-[13]. 

* The study here, is limited to the fields Galois )( npGF ,  

and 2p , then the period 1 kpr  is even. 

IV. RESULTS AND DISCUSSION 

A. First step 

Theorem 7: Suppose ....,, 10 aa  is a non zero homogeneous 

linear recurring sequence of order k over 

}1,...,1,0{  pFp and )(xf is its prime characteristic     

polynomial then the first 1 kpr bounds with all its   

cyclic shifts forming  an additive group. 

Proof: This sequence is periodic with period 1 kpr .  

We suppose  rSSS ,...,,$ 21 where  raaaS ...211  is  

the sequence of the first 1 kpr bounds, and  

  ...,,.... 112  rr aaaS  132 ... aaaaS rr  are all its 

cyclic shifts,  and we suppose  0......00  SO , 

 0$ SS  and if   is a root  of the prime polynomial  

)(xf and:
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And the function:  SpGFh k )(:  as following: 

  ][)()(
2110110   kpkkk

i bbbbbbbbhihh 

Then h is one-to-one corresponding and: 
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 And h  is Linear Transformation and isomorphism from the 

additive group  ),( kpGF to the additive group  ,S , but 

$  is not closed under the addition as nF
2

 because: 

 for kp
i F then: 0hh0h iii  )()(&)(   

 and: $)()(  0hh ii   

B. Second Step 

Theorem 8: Suppose ,....., 21 aa is a non zero 

homogeneouslinear recurring sequence  of order k in pF and 

f(x) is their primitive characteristic polynomial, S1 is the initial 

bounds where  1 kpr  and  rSSS ,...,,$ 21 are the all 

cyclic shifts. Let A is a matrix which its rows are elements $ 

respectively, then by riAi ,...,1   ,  , or by powers of its 

permutations of Awe can represent all subgroups 

in kp
F relatively to product and addition of matrices, having 

the period of )(1 xS and rows of
iA are the shifts to rows of A. 

Proof:   Suppose 
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and we will     compute AAA .2  , 

and  the first row  1  in the matrix A then: 

OS

Ii
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1 When I the  

 

 

set of all columns in A which does not start by zero and the of  

thi is 0ia  then 

$Sl 1 , because 

multiplying any element of 
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$ by any element of )( pGF  is an element of $ , the sum of 

any two elements of $  is in $  and 01  .  

The second row 2 in 
2A  is a result of shift i by 1digit to the 

right, then: 1112 



  l

Ii

ii SS , and respectively we 

have 111 



  rl

Ii

ririr SS when the indexes 

computed by  mod r, then the rows of the matrix 
2A are shifts 

to rows of  A. In other hand we suppose that 

        xSxSxSx r,...,,$ 21 then:  

)()(1 xSx

Ii

ii
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      )( 1112 
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And :      2
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When:    xxS $2
1  , and the calculations are done by 

















 1mod  1kpx , And we have:    xxSx 2

12  ; … 

;    xSxx r
r

2
1

1  

Suppose   xfi denotes the row of coefficients of   xfi  , 

respectively to the increasing exponents of  x, and which has 

length r, then:  
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When:     rixxS i ....,,1;$1  , 

then:
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Result 1: The period of the sequence ,....,, 32 AAA is equal  

to ))(( 1 xSord and divides 1kp . 

Result 2: If  1))(( 1  kpxSord  then S is representation 

to the field )( kpGF . 

Result 3: If  1))(( 1  kplandlxSord  then: 

1 mpl and  A  is a representation to one  subgroup of 

order l in the field )( kpGF  

Result 4:If  klandpxSord l1))(( 1 then : 

}{OA  is representation to the Subfield )( lpGF . 

Result 5: If 1kp is prime then all elements of )(xSi are  

of the order 1kp except only one of  them which is of  the 

order one. 

C. Third Step 

Example 1:If   is a root of the prime polynomial  

2)( 2  xxxf and generates )3( 2GF  then the then 

the representation of the elements of )3( 2GF in 3F is: 

 
Where 8...,,2,1,0),( ii is the symbol of the sequence 

i. 
The  divisors of the number 8 are 1, 2, 4, and 8, 

consequently, )3( 2GF  contains four multiplicative 

subgroups are: <1>, )3(GF , fourth order multiplicative 

subgroup  =  2 , and )3( 2GF , and the divisors of  9 

are: 1, 3, and 9 .Then )3( 2GF contains three additive  

subgroups are: one first order additive  subgroups, one third 

order additive subgroups, and one ninth  order additive 

subgroups, consequently the field )3( 2GF  contains two 

subfields are : )3(GF and the same )3( 2GF
.
. Suppose the 

Linear Recurring Sequence be:    

)5(202 1212 nnnnnn aaaoraaa  

                      
 

Figure(1): Linear feedback register of degree2 generates  

                                   sequence (5) 

With the characteristic equation 022  xx  and the 

characteristic polynomial 2)( 2  xxxf ,which is a 

prime and generates 23
F  and if  23GFx   is a root of 

)(xf then the solutions of characteristic equation are 

},{ 3nn  .  

 

The general solution of equation (1) is given 

by
nn

na 3)1(2   , 
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and the sequence is periodic with the period 8132  . 

For the initial position:  1 , 0 21  aa  , then  

)11202210(1 S and by the cyclic permutationsonS1 

we have  87654321 ,,,,,,,$ SSSSSSSS where: 

)01120221(

)10112022(;)21011202(;)22101120(

)02210112(;)20221011(;)12022101(

8

765

432







S

SSS

SSS
 

The first two digits in each sequence are the initial position of 

the feedback register. 

In this example the resulting sequences is:    

0  1  2  2  0  2  1 1 0  1  2  2  0  2    … 

The matrix A of the cyclic permutations of S1 is:  

 



































01120221

10112022

21011202

22101120

02210112

20221011

12022101

11202210

1 AB

 

Or briefly:






















01120221

12022101

11202210

1B
 

The first row in this matrix is called The head row. 

 If the function $)3(: 2 GFh where: 

i
i hihh  )()( = [The row of the matrix A corresponding 

of the initial position i].Then ih  is isomorphism from the 

group )),3(( 2 GF  on the group )($, . 

 

I- In this matrix the head row is: ]11202210[1 S  and 

the head polynomial is: 
76532

1 222)()1( xxxxxxxSh  . Thus 






















01011202

01122022

10112022

2
12 BB

 

In this matrix the head row is: ]10112022[)3( 7  Sh  

and the corresponding head polynomial is: 

  222)( 7543
7 xxxxxxS  , Thus  






















02210112

21011202

22101120

3
13 BB

 

In this matrix the head row is: ]22101120[)5( 5  Sh  

and the corresponding head polynomial is: 

  222)( 76532
5 xxxxxxxS  , Thus  






















12021101

02210112

20221011

4
14 BB

 

In this matrix the head row is: ]20221011[)7( 3  Sh  

and the corresponding head polynomial is: 

  2221)( 7543
3 xxxxxxS  , Thus 

1
5
1 BB  and the set B* = },,,{ 4321 BBBB is fourth order 

multiplicative group and the set 

B= },,,,{ 4321 BBBBO  is not additive group as is shown by 

the table 1. 

 Then B is not a field, and we see that:  

4)()( 31  BordBord  

II- We suppose that; 






















21011202

01120121

10112022

1C

 

In this matrix the head row is: ]10112022[)3( 7  Sh  

and the corresponding head polynomial is: 

  222)( 7543
7 xxxxxxS  , Thus  






















12021101

02210112

20221011

2
12 CC

 

In this matrix the head row is: ]20221011[)7( 3  Sh  

and the corresponding head polynomial is: 
7543

3 2221)( xxxxxxS  , Thus 1
3
1 CC  . 

And the },{ 21
* CCC   is second order multiplicative group 

and },,{ 21 CCOC  is an additive group as showing in the 

table2. 

We see that C is a representation of the subfield 

)3( 2
3 GFF  and:  2)( 1 Cord and 1)( 2 Cord    . 

 

III. We suppose that: 






















11202210

20221011

12022101

1D

 

In this matrix the head row is: ]12022101[)8( 2  Sh  

and the corresponding head polynomial is: 

  2221)( 76432
2 xxxxxxS  , Thus  






















01120221

12022101

11202210

2
12 DD  

 

 

 

 

 

 

In this matrix the head row is: 
]11202210()1( 1  Sh  
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and the corresponding head polynomial is: 

  222)( 76532
1 xxxxxxxS  , Thus  






















10112022

11202210

01120221

3
13 DD

 

In this matrix the head row is: ]01120221[)2( 8  Sh  

and the corresponding head polynomial is: 

  2221)( 6542
8 xxxxxxS  , Thus  






















21011202

01120221

10112022

4
14 DD

 

In this matrix the head row is: ]10112022[)3( 7  Sh  

and the corresponding head polynomial is: 

  222)( 7543
7 xxxxxxS  , Thus  




















 0

22101120

11112022

21011202

5
15 DD

 
In this matrix the head row is:  

]21011202[)4( 6  Sh  

and the corresponding head polynomial is: 

  222)( 76432
6 xxxxxxS  , Thus 






















02210112

21011202

22101120

6
6 1DD

 

In this matrix the head row is:  

]22101120[)5( 5  Sh  

and the corresponding head polynomial is: 

  222)( 76532
5 xxxxxxxS  , Thus  






















20211011

22101120

02210112

7
17 DD  

In this matrix the head row is: ]02210112[)6( 4  Sh  

and the corresponding head polynomial is: 

  222)( 6542
4 xxxxxxS  , Thus  

19

8
18 ;

12021101

02210112

20221011

DD

DD






















  

In this matrix the head row is: ]20221011[)7( 3  Sh  and 

the corresponding head polynomial is: 
7543

3 2221)( xxxxxxS 
.
 

And D
*= },,,,,,,{ 87654321 DDDDDDDD is a 

multiplicative group of order 8, and 

D= },,,,,,,,{ 87654321 DDDDDDDDO is additive group 

as shown in table 3. 

Consequently, D  is a field and representation of the field 

)3( 2GF . 

The field )3( 2GF contains   22132  third degree 

irreducible polynomials are 2)( 2  xxxf
 
and 

22)( 2  xxxg .         

V.   RESULTS AND RECOMMENDATIONS 

1. The fields )( npGF and their subfield can be 

represented by square matrices. 

2. The multiplicative group )( npGF 
and their 

subgroups can be represented by square matrices. 

3. The equations of the degree less than or equal to n on 

)( pGF can also be solved by square matrices. 

4. Building encoders on the field qF  when nq  are 

recommended for further study. 

APPENDIX 

Table 1: The Addition in B* 

B4 B3 B2 B1 + 

B  O B  B3 B1 

O B  B4 B  B2 

B  B1 B  O B3 

B2 B  O B  B4 

Table 2: The Addition in C
* 

 

C2 C1 + 

O C2 C1 

C1 O C2 

Table 3: Addition in D* 

D8 D7 D6 D5 D4 D3 D2 D1  + 

D8 D7 D6 D5 D4 D3 D2 D1   

D2 D6
 D4

  D7
 D8

 D3
 D5 D1 D1 

D7 D5  D8 D1 D4 D6 D3 D2 D2 

D6  D1 D2 D5 D7 D4 D8 D3 D3 

 D2 D3 D6 D8 D5 D1 D7 D4 D4 

D3 D4 D7 D1 D6 D2 D8  D5 D5 

D5 D8 D2 D7 D3 D1  D4 D6 D6 

D1 D3 D8 D4 D2  D5 D6 D7 D7 

D4 D1 D5 D3  D6 D7 D2 D8 D8 
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