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Chebyshev-Sinc Collocation Schemes for Solving a
Class of Convection Diffusion Equations

M. A. Ramadan, Talaat S. EL-Danaf, Hanem Galal

Abstract-Tthis paper, is concerned with obtaining numerical
solutions for a class of convection-diffusion equations (CDEs)
with variable coefficients. Our approaches are based on
collocation methods. These approaches implementing all four
kinds of shifted Chebyshev polynomials in combination with
Sinc functions to introduce an approximate solution for CDEs .
This approximate solution can be expressed as a finite double
summation from the product of Sinc functions and shifted
Chebyshev polynomials. The time derivatives for all four kinds
of shifted Chebyshev polynomials are expressed here as linear
combinations from Chebyshev polynomials themselves. New
formulas for the integer derivatives with respect to time t and
space X, respectively of the unknown function with two
variables is expressed in terms of the product of Sinc functions
and shifted Chebyshev polynomials themselves also. Special
attention is given to the numerical results obtained by the
proposed approaches in order to demonstrate the accuracy and
efficiency of the newly proposed approaches.

Keywords: Chebyshev polynomials; Sinc functions - accuracy
and efficiency- shifted Chebyshev polynomials.

I. INTRODUCTION

No one can deny that, partial differential equations have
been the focus of many studies due to their frequent
appearance in various applications in fluid mechanics,
biology, physics and engineering ([3], [24]). The existence
and uniqueness of solutions to fractional differential
equations have been investigated in ([11], [19]).
Consequently, considerable attention has been given to the
solutions of time space CDEs. Diffusion equations are used
to describe phenomena of anomalous diffusion in transport
processes. Most partial differential equations do not have
explicit analytical solutions, so the need to obtain
approximate and numerical techniques is a problem of
fundamental interest to many of authors. In the past few
decades, several numerical methods to solve the partial
differential equations have been studied. There are different
numerical techniques based on spectral methods ([2], [4],
[6], [10], [22]), finite differences methods ([13], [15], [16],
[26], [27], [31]), operational methods [12] and some other
approaches ([8], [91, [18], [29], [28], [30]). The authors in
[21] introduced a new approach based on Sinc functions and
Legendre polynomials for solving FCDEs. In this paper,
several new approaches are introduced, these approaches are
based on a combination of sinc functions with all four kinds
of shifted Chebyshev polynomials.
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The characteristic idea behind these approaches is to use the
Sinc nodes as the space collocation points and the roots of
all kinds of shifted Chebyshev polynomials as the time
collocation points in order to reduce. CDEs to those of
solving systems of linear algebraic equations. The properties
of shifted Chebyshev polynomials and Sinc functions are
used to evaluate the un- known coefficients. The main
advantage of these operational approaches is to convert
CDEs into systems of linear algebraic equations. It not only
simplifies the problem but also speeds up the computation.
The main points included in this chapter are:

1. The time derivatives of all four kinds of shifted
Chebyshev polynomials are expressed in terms of shifted
Chebyshev polynomials themselves also.

2. The time derivatives at Sinc collocation points and
the space derivatives for the unknown function u(x, t) are
deduced in terms of shifted Chebyshev polynomials.

In order to show the accuracy and efficiency of the proposed
approaches, we apply the new approaches in order to obtain
the numerical solution for the following time-space CDEs

with variable coefficients
Dgl) u(x,t) + aq (x)D,(tl) u(x,t) + a, (x)DiZ)u(x, t)
=gxt), a<x<b 0<t<L (1)

Il. THE PROBLEM AND ANALYTICAL SOLUTION

The problem(1) with initial and boundary conditions as
follows
with initial condition

u(x,0) = f(x) 2
and boundary conditions
u(a,t) = u(b,t) 3)

Such that a;(), ayy), are continuous functions. The
structure of this paper is arranged in the following way: In
section 2, we introduce the properties of all four kinds of
shifted Chebyshev polynomials. In section 3, we introduce
the fundamental relations and the description of the new
approaches. In section4, the collocation method based on the
proposed approaches is introduced. In section 5, numerical
test examples for CDEs equations are given al differential
equations, so we try to provide numerical methods to solve
such problems. to show the accuracy and efficiency of the
presented approaches. Finally, In section 6, the report ends
with a brief conclusion and some remarks.

I11. PRELIMINARIES AND NOTATIONS
The shifted Chebyshev polynomials

The well-known shifted Chebyshev polynomials are defined
on the interval [0, L]. We deal with all four kinds of shifted

Chebyshev  polynomials  as
follows:
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1t Kind shifted Chebyshev polynomials.
The explicit formulae of the 1.st kind shifted Chebyshev
polynomials which are denoted by 7" (t) of degree j is given
by:
i (GG, @
k=0 I‘(j)[’(k+%)(j—k)!k!Lk
Where, T(0) = (-1, T*(L) = 1. The orthogonality
condition for these polynomials is:

[ T (OT Ow®) dt = 8yhy,
where, the weight function w(t) =
withay, =2, a,=1 k=1.

The function u(t) which belongs to the space of square
integrable in [0, L], may be expressed in terms of shifted
Chebyshev polynomials of the first kind as:

T (1) =

®)

ai
hlk = ?T[,

1

Jie—e2’

u(t) = XiZoc; Ti (D)
where the coefficients c; are given by:

¢ = % [u®T;®w® dt, i=0,12,..

(6)

2™4 Kind shifted Chebyshev polynomials.
The explicit formulae of the 2™ kind shifted Chebyshev
polynomials which are denoted by U7(t) of degree j is
given by:
i YT (R)G DG ) .
k=0 r(+2)r(k+3)G —ktkiLk )
where, U7(0) = 2j(—=1), U7 (L) = 2j.The orthogonality
condition of these polynomials is:
[LUF @©Up @©w(t) dt = 8y hyy,
where, the weight function
2
2

w(t) =Lt —t%, hy, = 3 .
I (k+3) @k +2)! k1 Tk +2)

The function u(t) which belongs to the space of square
integrable in [0, L], may be expressed in terms of shifted
Chebyshev polynomials of the second kind as
u(t) = XiZoc Ui (0),
where the coefficients c; are given by:
¢ = hiﬂfoLu(t)Ui*(t)a)(t) dt, i=o,1,

Ui () =

)

(k+D'T (%) I2r (k +

©9)

374 Kind shifted Chebyshev polynomials.
The explicit formulae of the 3™ kind shifted Chebyshev
polynomials which are denoted
By Vi (¢) of degree j is given by:
j (2j)!!(—1)/_k1’(]+%)F(j+k+1) )
k=0 (2j —1yur( +1)[‘(k+%)(j—k)!k!Lk

Where
yooy = DT (+3)
)= n .. .
F(i) (2j — DU
. 3
(2])!!1"(] +§)

3 . .
r (7) 2j — DU
The orthogonality condition of these polynomials is:

L * *
Sy V@V (Ow®) dt = 8 hsy
where, the weight function

() = x5 (L = )5 hyy =

AOE

(11)

@i (k+3)r(k+7)
Q=DM+ (k+1)
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The function V (t) which belongs to the space of square
integrable in [0, L], may be expressed in terms of shifted
Chebyshev polynomials of the third kind as:

u(®) = Y Vi),
i=0
where the coefficients c; are given by:
¢ = hifOL u(O)V (D)w(t) dt, i=0,12,.. (12)
3i

4" kind shifted Chebyshev polynomials.
The explicit formulae of the 4™ kind shifted Chebyshev
polynomials which are denoted
By W;*(t) of degree j is given by:
con oj @R () Gk
W' (8) = Zi=o (Zj—1)!!1"(j+1)1"(k+%)(1‘—k)!k!Lk
, i 3
@1V (] +5)
3 , .
r(3) @ - nujt
. 1
@Hnr(/+5)

r (%) (2j — DU j!
The orthogonality condition of these polynomials is:
L * *
Jo W OWE () w(t) dt = 8y hyy
where, the weight function
w(t) = x5 (L —x)7%5,  hg,
3 1
QIO LT (k + i) r (k + 2)

T QRk-DNQRk+ D'k T(k+1)
The function W(t) which belongs to the space of square
integrable in [0, L], may be expressed in terms of shifted
Chebyshev polynomials of the fourth kind as:

w(®) = ) 6 W),
i=0
where the coefficients c; are given by:

¢ =L flu@W Ow© dt, i=012.. (15)
4

k

(13)

where, W;*(0) =

’

*

J

(14)

IV. SINC FUNCTIONS PROPERTIES

In this subsection, we state the main properties of Sinc
functions which will be used here. Sinc functions are used in
the literature to solve numerically some kinds of differential
equations ([7], [20], [23]). The Sinc functions are defined on
the whole real line -co< x <co:

sin (7x)
Sinc(x) ={ >’
1

’

x#0;
x=o0.

for
for

The translated Sinc functions with evenly spaced nodes are
given

(16)

S(k,h)(x) =
sin (%(x—kh))
Fa—kh) g,

Sinc (%)
1

such that, h> 0 and k=0,£1,£2, ....
Sinc functions form an interpolating set of functions, which

means
1 1; =7
Skwum =oy ={y [ iZ

The function f(x) which is defined on the real axis such that
h > 0, then Whittaker cardinal
expansion of f(x) whenever this

for x=#kh;

x=kh (17)
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series converges has the following expression

C(f,h)(x) = Xy-_o f(kh)Sinc (x h

(19)
This approximation can be defined over the finite interval
(0, L) which used here using the one-to-one conformal map

0(z) =1n(2) (20)

which maps the eye-shaped region

Dg —{z—x+1y |arg( )
infinite strip D;.
Define the range of y = @™ on the real lineas I"' = y (u) ¢
Dg : -0< y <oo:
The image which corresponds to the uniform nodes defined
on the real line {hk}%, is expressed by

L exp (kh) _
T+exp (kh)’ k=01+1,%2,.. (21)

The basis functions on (0, L) are taken to be the composite
translated Sinc functions

S, (x) = S(k,h) 0 B(x) = Sinc (@(2—""‘) (22)
the class of functions such that the known exponential error

estimates exist for Sinc interpolation is denoted by B(Dg)
and is defined as follows

<d< }onto the

X =

Definition 4. Let B(Dg) be the class of functions F which
are analytic in Dg , satisfy

fz/)(t+L)|(Z)dZ| -0, t- iOO,

Where, L = {iv: vl <d < %} and on the boundary of Dg
,denoted by (0D;) satisfy

N(F) = fa If@I<e,

Interpolation for function in B( Dy ) is defined in the
following theorem which shows that Sinc interpolation on
B(Dg) converges exponentially,

Theorem 1. If @ € B(Dg),thenforallx e T
] 7]
|f(x) — Y=o f (x1) Sk(x)l < N(/9)

2md sinh % -
2N(f(2J)

exp(—md|h)
Moreover, if

lf ()] < Cexp(=BIO()D, x €T,
for some positive constants C and B, and if the selection

nd 2nd
= |—< —
BN ~ In2

< V2 exp(—/mdBN), x

then

Z ) Sk
k=N

fl) -

er,
Where C, depends only f,d and S,
The derivatives of composite Sinc functions evaluated at the
nodes are given as follows, [14]

1; or =j;
(S(O) [S(k h) o @(x)] Ix x {0 ;or llf’.-'/:j’ (23)
1’ .
6 = 150,000 oy =Hoo's 1 1
j=k ’
(24)
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@r) _
6k.r =
(_l)rHZr .
1) 2rer for k=
h2r ) (-1) 7k 1 (= 1)5+1(27)1 25 (1 _ k)2 '
(G —k)2r Xizo 2s+1)! SG -k, fork +j
(25)
6(2T+1)
kj
0, for k=j;
~ perl ( Ly Zr (—Ds@2r+ 1! 5 G Rk
G-k)¥H L,y (@2s+1)!

(26)

withr=1,2,3 ....
for more details on Sinc functions and its properties see

([14], [25]).

V. INTEGER PARTIAL DERIVATIVES FOR
CHEBYSHEV-SINC COLLOCATION METHOD

In this section, we are going to explain the fundamental
relations of the different approaches which are used to solve
CDEs (1-3) numerically and obtain their different
collocation schemes.

The first approach

It is suggested that the solution u(x; t) can be approximated
in terms of the first (n + 1) shifted Chebyshev polynomials
of the first kind and 2m + 1 Sinc functions as follows

um,n (x, t) = i_—m Zn_o Cl] T (t)S (X)
@7)
where, c; are the unknown Sinc-Chebyshev coefficients.
The approximate solution in (3.27) satisfies the boundary
conditions (3.3) since S;(x) is equivalent to zero when X
tends to a and b. To express the different sorts of derivatives
with fractional and integer orders for the unknown function
u(x,t) in terms of shifted Chebyshev polynomials and Sinc
functions, we introduce the following theorem.
Theorem 2.
Let u(x,t) be approximated by Eq.(3.27) and also suppose
that v > 0 and x;, are the Sinc collocation points then, the
following relations hold:

D (ulx, ) = T Xy ey €y bria§1aTa (1), (28)
DV (u(y, ) = 20, By ¢y §12T7 (D)
(29)
D (u(x, ) = X, By ey E13T7(®)  (30)

where

51,1 =

JIr(0,5) (=1 =k r @ +i)rk+1)
ka!F(k+%)(j—k)!F(j)F(k)

f13= (0" @)8S) + (0 @0)'8%)

, §12= @(xk)&-(,i)

Proof.

D (u(x 1) = T Ny cSi(x) D (T5(0), (3D)
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Dgl) (u(xp, 1) =

JIr(0,5) (1Y r(+I)rk+1) (0),r-1
-m 2 S Cij LeRI (k) G-k GYr ) Sixt (32)
1
D! )(u(xk, t) =
JIr(0,5) (1Y r(j+rrk+1) g
Z] lzk 1 Ckj tk 1 (33)

L"k'I‘(k+ ) G-k () (k)

Now, tk=1, can be expressed approximately in terms of

shifted chebyshev series of the 1 kind so we have:
tt = 3 o b1kaTa(D), (34)

where, b, is obtained from (6) with u(t) = t“*, then b,y
can be expressed by Hypergeometric functions as follows

1
o trlasile) o (T4
2 ;

2
I"(d+1)1"(k)h1d k

biyq = , (35)

N =

A combination of Egs.(33), (34) and (35) leads to the
desired result (28).

DV (u(xy, v) =

1——m Z] 1 Cl] (D S:(xk)) (T;(t))r (36)
Which takes the form
D,(fl)(u(xk, t) =
o S (0 (00 15,5100 T (0. @)

A combination of Egs. (36) and (37) leads to the desired
result (29).

DP (u(x, t)) =
" Zpe oy (DP8:(x0) (T;(0),

D (u(xy, t)) =

(38)

l——m Z] 1 Cl] (Q)” (xk) di@si(xk) +

O Xk2d2d02SixkT)+t. (39)

A combination of Egs. (38) and (39) leads to the desired

result (30).

The second approach

It is suggested that the solution u(x, t) can be approximated

in terms of the first (n + 1) shifted Chebyshev polynomials

of the second kind and 2m + 1 Sinc functions as follows
u(x, t) = X Xj=1 ¢ U7 ()8 (x), (40)

where, ¢;; are the unknown Sinc-Chebyshev coefficients.
The approximate solution in (40) satisfies the boundary
conditions (3) since S;(x) is equivalent to zero when x tends
to a and b. To express the different sorts of derivatives with
fractional and integer orders for the unknown function u(x,t)
in terms of shifted Chebyshev polynomials of the second
kind and Sinc functions, we introduce the following
theorem.

Theorem 3.

Retrieval Number: E1851113513/2014©BEIESP

Let u(x,t) be approximated by Eq.( 40) and also suppose that
v > 0 and x;, are the Sinc collocation points then, the
following relations hold:

Dt(l)(u(xk, t) =

=0 2j—1 Y1 Chj bara§21Us (®), (41)
DY (u(xi, ) = Tty T €y §22U7 (), (42)
D (uy, ) = N Sy E23U7 (). (43)
Where
0,5 (1Y T*r (G +k)M (k+1) iy 6))
$11= Lk (ie43) G = GHr) $12 = 008y
£12= (0" (8% +(0'(0)6)
Proof.

Dt(l)(u(xkt t)) =

" Xm0 €552 )DE (U7 @), (44)
D (u(x, ©)
. i iic U+ DO HTG+E+ DI+ (0,
R e r=1N vk (k+3) G = I T (k) ‘
(45)
Dt(l)(u(xk, t)) =
;l:lzjl-(:l e G+DI0,5) (=1 K +k+2)r (k+1) k-1 (46)

Lkkir (k+43)G k) ()

Now, t*=1 can be expressed approximately in terms of
shifted chebyshev series of the 2™¢ kind so we have:

tht = Z bakaUg (),
a=0

where, b,,, is obtained from (6) with u(t)= t“, then by,
can be expressed by Hypergeometric functions as follows

1

—ddk+>

(DA r(a+2)r (k+3) . . 2
[(d+DI (k+2)hag 2\ s, )

(48)

A combination of Egs.( 46), (47) and (48) leads to the
desired result (41).

D,El)(u(xk,t)) =
= —m Xy =0 Cij (D;El)si (xk)) (Uj*(t)),
(49)
D (u(xy, 1)) =
2o Z-ocy (0000 75510 ) U ©.

A combination of Egs. (49) and (50) leads to the desired
result (42).

byka =

(50)

D,EZ)(u(xk,t)) =
o 2y ey (P81 (0 ),

(51)
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D (ulxe, ) = Ty Bg (@” (6) 5.5 Ce) +

Ok 2d2d02Sixk U+t (52)

A combination of Egs. (51) and (52) leads to the desired
result (43).

The third approach

It is suggested that the solution u(x, t) can be approximated
in terms of the first (n + 1) shifted Chebyshev polynomials
of the third kind and 2m + 1 Sinc functions as follows

u(x, t) = XL, Xje ¢ V7 (0)S; (%), (53)

where, ¢; are the unknown Sinc-Chebyshev coefficients.
The approximate solution in (53) satisfies the boundary
conditions (3) since S;(x) is equivalent to zero when x
tends to a and b. To express the different sorts of derivatives
with fractional and integer orders for the unknown function
u(x, t) in terms of shifted Chebyshev polynomials of the
third kind and Sinc functions, we introduce the following
theorem.

Theorem 4.

Let u(x,t) be approximated by Eq.(40) and also suppose that

v > 0 and x;, are the Sinc collocation points then, the
following relations hold:

D (u(xy, 1)) =

Xm0 X7 Th=1 Cij bara 3,1V (©), (54)
D (ulx, ) = T B cy §32V (1), (55)
D (u(xy, ) = X, T_gcy &35V (D). (56)
Where
@DN (-1 (J +3) TG + ke + DIk + 1)
fa1 = () —DUr (k + %) kU (G — TG+ DIk
§32 = @(xk)c?(l)
Ea3= (0 ()8 + (0 @) 62)
Proof.
D (u(xy, 1) =

=0 Cij Si (xk)Dt(l) (V}*(f)), (57)

i=—m

Dt(l)(u(xk 1)

553

“m =1 k=1

n

@D (] +2) TG+ K+ DI+ 1) .

IR

@j-Dir k + )ka! G —kIT( + DIk

i

(58)
Dt(l)(u(xk, t)) =
@1 4 (J43) G +k+ DI (k+1) p1
%1 Zher g @ —Dur(k+3) Lk kG orgorw s 9

Now, t*=1 can be expressed approximately in terms of
shifted chebyshev series of the 3™ kind so we have:

Tl = Yo bakg Vi (1), (60)
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where, by, is obtained from (12) with u(t) = %, then bs;4
can be expressed by Hypergeometric functions as follows

1
(=1)drkr (i) (d+1) (k_%) ~ddk—

;1
r(d+1)r(k+1)r( Yhsa

2

b3rq = 3F, , (61)

A combination of Egs.( 60), (47) and (61) leads to the
desired result (54).

D& (w(x, t)) =

" 2oy (D75, (7 ®), (62)
D,El)(u(xk, t)) =
7o Z-ocy (000 355100 (O, (63)

A combination of Egs. (62) and (63) leads to the desired
result (55).

p® (u(x, 0)) =

I X0 0y (D57 (V7 (0)) (69)

D(Z)(u(xk, ) =3, =0 Cij (Q)” (xk):—q)si (%) +

Ok 2d2d02SixkVy*t (65)

A combination of Egs. (64) and (65) leads to the desired
result (56).

The fourth approach

It is suggested that the solution u(x, t) can be approximated
in terms of the first (n + 1) shifted Chebyshev polynomials
of the fourth kind and 2m + 1 Sinc functions as follows

ux, t) = W (6)S;(x),

where, c;; are the unknown Sinc-Chebyshev coefficients.
The approximate solution in (66) satisfies the boundary
conditions (3) since S;(x) is equivalent to zero when x
tends to a and b. To express the different sorts of derivatives
with fractional and integer orders for the unknown function
u(x, t) in terms of shifted Chebyshev polynomials of the
fourth kind and Sinc functions, we introduce the following
theorem.

Theorem 5.

Let u(x , t) be approximated by Eq.( 66) and also suppose
that x, are the Sinc collocation points then, the following
relations hold:

DI (u(xe, 1) = Xy i1 Yh1 Cij baraEaaWi (©),
(67)
(68)

(66)

L——m

D(l)(u(xk,t)) 2t m =0y §42W (D),

D (u(xy, ) = X, T g cy EgsWi (8. (69)
Where
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@)U (=147 (j +3) TG + e+ DGk +1)

41 = 3
(2j — DIT (k + 7) k(G — TG+ DIk

§12= B)SY
£a3= (0" @ISR + (0 (0)'67)
Proof.
DI (i, ) = Tt Bmo €5 5: 0DV (W (®)) (70)

Dt(l) (u(xk, t))

IR

@)1 (=147 (4 3) 1+ + DIk + 2

VI. THE COLLOCATION SCHEME FOR EQS. (1-3)
USING THE 15t OR 2™ OR 374 OR 4!
APPROACHES

The collocation scheme defined here is obtained using the
Sinc collocation points X, and the
roots of shifted Chebyshev polynomials Ch; ,;(t) which
may be Ty, (¢), Un 41 (), V41 (€) and Wy, (¢) which .
which are denoted by
Substitute by Eq.(27) or Eq.( 40) or Eq.(53) or Eq.(66) into
Eq.( 1) and using Egs.( 28-30) from Theorem 1 or Egs.( 41-
43) from Theorem 2 or Eqgs.(54-56) from Theorem 3 or
qs ( 67- 69) from Theorem 4 gives:

m n J
228"
(71)

D (u(xy, 1)) =

j @NU1Y R (J43)F G +k+ DI (k+1) [k
k=1 KJ - 1)"1"(k+ )kal(] k)lr(/+1)p(k)

n

(72)

Now, t*~1 can be expressed approximately in terms of
shifted chebyshev series of the 4™ kind so we have:
th1 = Yo baka W4 (1), (73)

where, by, is obtained from (15) with u(t) = t“*, then by
can be expressed by Hypergeometric functions as follows
1
0d (D r(a2)r (k+2) Tk
3F,

;1
r@+Dre+0r(3)haa 3

byrq = , (74)

>
A combination of Egs.(72), (73) and (74) leads to the
desired result (67).

D,El)(u(xk,t)) =

" 2o cy (D750 (W ), (75)
D,El)(u(xk,t)) =
= —m 2j=0 Cij (Q)’(xk);—wsi (xk)> W (o). (76)

A combination of Egs. (75) and (76) leads to the desired
result (68).

D& (u(xy, ) = X0,
(77)
D)EZ)(u(xk' t))

Z Z oy | 900 3550

i=—m j=

" ey (D2s™) (W @),

((w ) dq,z =5, (xk)> W' (£)(3.78)

A combination of Egs. (77) and (78) leads to the desired
result (69).

Retrieval Number: E1851113513/2014©BEIESP

85

1)Hr k+ )kar(, k)'F(]+1)F(k) ZZZ% b,ka§11Chq(ts)

d=0j=1k=
+ a; (%) z ZCU §12Ch (¢)
i=—m j=1
m n

+ a; (xi) Z zcij §13Ch (t) = g(x., t,),

i=—m j=1

k=-m,..,m, s =

1,..,n r=1,..4 (79)

Also, substitute by Eq.(27) or Eq.(40 ) or Eq.(66) into
Eq.( 2) gives

2t Xj=0 €y Chi (0)S; (x) = f(x) (80)
Collocate EQ.(80) at 2m + 1 sinec collocation points x;
gives

i=0Ci Ch(0) = f(x), k=-m,..m, (81)
Solving the system of (n+ 1)(2m + 1) linear algebraic
equations Eqs.(97-81) gives the unknown coefficients c;;
directly, the approximate numerical solution wu,, ,(x,t)
gives in Eq.( 27) can be calculated.

VII. NUMERICAL TEST EXAMPLES

In order to illustrate the effectiveness of the proposed
method , we implement it to solve the following test

examples. In all examples, we choose f =1andd =
Z thenh ==

2 V2N’

Example 1 :

Consider the following time-partial diffusion equation

Dt(l)u(x, t) — D,Ez)u(x, t) = g(x,t), 0<x<1,
0<t<1, (82)
Where ,
glx,t) = % t27% sin(2mx) + 4n?t? sin(2mx).
with initial condition
u(x, 0)=0, (83)
and boundary conditions
u(0,t) = u(1, t)=0. (84)

The exact solution for this problem is
u(x, t) = t? sin(2mx).
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Figure 1. Plot of the 3D solution u(x,t)atm=6,n=3
using the first approach

Figure 2. Plot of the 3D solutionu(x,t)atm=6,n=3
using the second approach

Figure 3. Plot of the 3D solutionu(x,t)atm=6,n=3
using the third approach

Figure 4. Plot of the absolute error at m = 6, n = 3 using
the fourth approach

wous i

\‘. 'g‘
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Figure 5. Plot of the truncated solution u(x) with m = 6;
n=3att=0:2; 0:4; 0:6; 0:8 using the 1.st, 2.nd, 3.rd and
4.th approaches from left to right, respectively

Example 2:
Consider the following initial boundary value problem of
partial differential equation

DPu(x, t) + DPulx, ) + DPu(x,t) = 2t +

2x2 +2,0<x<1,0<t<1,0<v<1 (85
With initial condition
u(x,0) = x? (86)
and boundary conditions
— 2@ 2 - r@) ;2
u(0,t) = Zr(s)t , u(l,=1 +2r(3)t (87)

The exact solution for this problem is
— a2 r® .2
ulx,t) = x“ + 2r(3)
Reformulate this problem by using the following
transformation:
v(x, t) = ulx,t) —x*+2

r2)

2
re) t
Gives

Dgl) v(x,t) + xD,(Cl)u(x, t)+ chz)v(x, t) =

2x% —x+2 (88)
With initial condition
v(x,0) =x* —x (89)
and boundary conditions
v(0,t) =v(1,t) =0 (90)

Figure 6. Plot of the exact solution and the truncated
solution u(x, t) with m = 30, n = 3 using the 1.st, 2.nd,
3.rd and 4.th approaches from left to right, respectively

VIII. CONCLUTION

In this paper, we develop accurate and efficiency approaches
based on Sinc functions and all four kinds of shifted
Chebyshev polynomials. These approaches are used to
transform every CDEs equation with variable coefficients to
a system of linear algebraic equations. From the numerical
test examples, it is clear that the numerical solutions
obtained from these approaches are in excellent agreement
with the exact solutions. For the future work, the application
of these approaches will be given to solve numerically
initial-boundary nonlinear partial differential equations.
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