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known as quarter-point elements are used to provide the
polynomial elements representing stress and strain
singularities near the crack tip. Nodal relaxation is frequently
used to release nodes, one by one, in order to enable the crack
tip to propagate through the mesh. In contrast, methods based
on near-tip field fitting procedures require finer meshes to
produce a good numerical representation of crack-tip fields.
The most accurate methods being those based on nodal
displacements, which are a primary output of the finite
element program [6]. In adaptive mesh refinement, most
analysts favour either the Delaunay technique or the
advancing front method over other techniques when
generating meshes due to the quality of the unstructured
meshes generated [7]. The main advantage of the advancing
front method is that it tends to produce nicely graded meshes
and high quality triangles that are usually very close in shape
to equilaterals. The boundary integrity is also preserved, since
the discretisation of the domain boundary constitutes the
initial front. Phongthanapanich and Dechaumphai [8] used a
finite element method, with the adaptive Delaunay
triangulation as mesh generator to analyze two-dimensional
crack propagation problems. They described the Delaunay
triangulation procedure consisting of mesh generation, node
creation, mesh smoothing, and adaptive remeshing, all with
object-oriented programming. They also used the
displacement extrapolation method to determine the values of
stress intensity factors for compact tension specimens, central
cracked plates and single edge cracked plates for certain
geometries only. Rashid [9] developed the arbitrary local
mesh replacement method based on two distinct meshes. One
that surrounded the propagating crack front and moved with
it, and another that filled the rest of the domain. Bittencourt et
al. [10] developed a strategy for quasi-automatic simulation
of the propagation of arbitrary cracks in 2D using
FRANC2D. Bouchard et al. [11] introduced an interesting
remeshing technique to model crack propagation using the
discrete crack approach. The main objective of this work is to
determine the effect of holes to crack propagation trajectory.
The computational code is written in FORTRAN
programming language for finite element analysis calculation
processes, which is based on load and displacement control
for linear-elastic crack propagation modeling. The mesh for
the finite elements is the unstructured type; generated using
the advancing front method. The global h-type adaptive mesh
is adopted based on the norm stress error estimator. The
quarter-point singular elements are uniformly generated
around the crack tip in the form of a rosette. The displacement
extrapolation technique used in the calculation is explained.
The advantage of this method is that, it is well suited for
multiple cracks and it can be performed faster.

Abstract— This paper illustrates an algorithm for automatic
simulations of crack propagations in 2D linear elastic finite
element representation. The crack tip singularity and stress
intensity factors around the crack tip are obtained by using the
displacement extrapolation method. The crack propagation
direction can be predicted by using the maximum circumferential
stress theory criterion. The developed program has been examined
with two different types of geometries namely: single edge cracked
plate with one hole and double edge cracked plate with two holes
with different types of loading. The results obtained by the current
program have been assessed by comparing with the relevant
works.
Index Terms— Finite element method, crack trajectories,
holes, stress intensity factors, adaptive mesh.

I. INTRODUCTION
The importance of fracture mechanics techniques for the
analysis of structures containing cracks has increased
considerably. The analysis of crack propagation as well as the
failure prediction of structural components in engineering
applications is important research subjects. In the last decade
numerical analysis of fracture problems have become an
effective way of approaching this problem due to the
development of the computing capacity. Several methods for
the numerical analysis of fracture problems have been
developed. The finite element based methods are the more
recurrent in the literature. The ranges of applicable fracture
mechanics to study the mechanical behaviour of cracked
materials subjected to an applied load are linear elastic
fracture mechanics (LEFM) and elastic plastic fracture
mechanics (EPFM). LEFM was originally developed to
describe crack growth and fracture under essentially elastic
conditions. It deals with only limited crack tip plasticity and
can be used in damage tolerance analyses to describe the
behaviour of cracks. The fundamental postulate of LEFM is
that the crack behaviour is determined solely by the values of
the stress intensity factors (SIFs) which are functions of the
applied load and the geometry of the crack structure [1]. The
factors define the stress field close to the crack tip of a new
crack and provide fundamental information on how the crack
will propagate. For isotropic materials, the near crack tip
singular stresses and displacements near the crack tip can be
determined [2]. Several methods have been proposed to
numerically estimate the stress intensity factors using finite
element method such as the displacement extrapolation
technique [3], the J-integral [4] and the energy domain
integral [5]. Among these methods, the displacement
extrapolation technique is simplest and highly accurate. It is
used when the singular elements are present at the crack tip. In
the finite element fracture analysis, these special elements
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The present software code has been developed to enable
the user to determine 2D-cracks under mixed mode loading
and, with the aid of automatic adaptive mesh finite element, to
analyst fatigue crack path lifetimes. This program is written in
FORTRAN language. The finite element calculations
provided by this software produce results comparable to the
current available commercial software.

direction criterion. The direction criterion is used to decide
where the crack propagates. There are several methods used
to predict the direction of a crack trajectory such as the
maximum circumferential stress theory, the maximum energy
release rate theory and the minimum strain energy density
theory. In the maximum circumferential stress theory, the
direction of the crack propagation  is computed from:

II.

K I sin  K II (3cos  1)  0

CRACK TRAJECTORY SIMULATION METHOD

There are four important components in a crack trajectory
simulation using the finite element analysis with adaptive
mesh, i.e. the mesh optimization algorithm, the crack
criterion, the direction criterion and the crack propagation
technique. In this part, the technique used to determine each
component of the crack propagation trajectory is briefly
described.

(3)

Analyzing Eq. (3) for the two pure modes, it is found that for
pure mode I, KII =0, KI sin   0 and   0 , and for pure
mode II, KI =0 and   70.5 .These values of  are the
extreme values of the crack propagation angles. The
intermediary values are found by solving Eq. (4) for 
considering the mixed mode, resulting in:

2.1 Adaptive Mesh Refinement
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2
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The mesh refinement can be controlled by the
characteristic size of each element, predicted according to the
error estimator. This initial model is solved by an incremental
theory using von Mises yield criterion. After the solution has
converged at the end of each load step, the solution errors are
estimated. If the error at some point in the model exceeds a
specified maximum error, the incremental analysis is
interrupted and a new finite element model is constructed.
The system decides automatically where to refine the mesh. If
it is necessary, the system refines the mesh considering the
initial boundary conditions. After the new mesh is generated,
the solution variables (displacements, stresses, strains, etc.)
are mapped from the old mesh to the new mesh. The analysis
is then restarted from the current step and it is continued until
the errors again become larger than the specified limit. In the
final analysis or in each step, the user can visualize the
responses using a graphics post-processor. The details
description of the procedure can be referred to Alshoaibi [12].
The strategy used to refine the mesh during the analysis
process is adopted from Zienkiewicz [13] and Alshoaibi [14].







(4)

The maximum circumferential stress criterion determines
that the crack extension should occur in the direction that
maximizes the circumferential stress in the region close to the
crack tip [15]. In order to ensure that the opening stress
associated with the crack direction of the crack extension is
maximum, the sign of  0 should be opposite to the sign of

KII . The two possibilities are illustrated in Fig. 2. The
criterion for the crack to propagate from the crack tip is based
on the material toughness, K C . If the calculated stress
intensity factor, K I  KC then the crack will propagate to the
direction  0 expressed by Eq. (8). The crack increment
length a is taken as 20%-50% of the initial crack length,
depending on the ratio of K II K I ratio [8].

2.2 The Crack Criterion
The crack criterion is used to determine when the cracks
start to initiate. In LEFM, the stress intensity factor (SIF), K is
usually used as a fracture criterion. In this paper, the
displacement extrapolation method [8] is used to calculate the
stress intensity factors as follow:
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where E is the modulus of elasticity,  is the Poisson’s ratio,
к is the elastic parameter defined by (3-4υ) for plane strain
and (3-υ)/(1+υ) for a plane stress problem and L is the
element. The u and v are the displacement components in the x
and y directions, respectively; the subscripts indicate their
position as shown in Fig. 1.
K II 

E

Fig. 1. Quarter-point triangular elements around the
crack tip

2.3 The Crack Direction
The third component of a crack propagation simulation
using the finite element analysis with adaptive mesh is the
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mechanics. Crack growth is computed discretely by using a
finite element model for each new crack length step.
At each step of the propagation, a finite element model is
defined. In the first step, the model is provided by the analysis
as input for the simulation. Then, in the following steps, the
model is provided by the output of the algorithm itself in the
previous steps. In each step, when the crack propagates, the
elements inside the geometry gets deleted and rebuilt again
with adaptive strategy and updated for the next cycle of
propagation.
The remeshing sequence is as follows. The crack geometry is
first identified by the user in the initial geometrical
configuration (Fig. 3a). The crack is then extended to a new
tip location by the addition of a new segment. All affected
elements are then removed by inserting a new crack (Fig. 3b)
and the crack geometry is updated. Then, the quarter-point
singular elements are placed around the tip in a uniform
rosette pattern (Fig. 3c). Finally, the whole domain is
remeshed (Fig. 3d). After the creation of the finite element
mesh for the new configuration, the model is ready for a new
cycle of propagation.

Fig. 2. Sign of the propagation angle
2.4. Crack propagation mechanism with mesh generation
Initial mesh generation is a key step in fracture mechanics
problems. 2D cracked geometries are complex to mesh
because a very fine mesh is needed near the crack tip while a
coarse mesh up to two orders of magnitude larger suffices far
from crack tip. To this end, linear elastic problems are
considered, but the methodology can be extended to more
complex models such as elastic–plastic or dynamic fracture

(a)

(b)

(c)

(d)

Fig. 3. Sequential procedure for geometry updating and remeshing
III. NUMERICAL ANALYSIS AND VALIDATION
Two well-known plate geometries, namely the single edge
cracked plate with one hole and the double edge cracked plate
with two holes. The modulus of elasticity and Poisson’s ratio
of the specimens were taken as 70 GPa and 0.3, respectively.
All dimensions of the geometry were in mm.

3.1 Single edge cracked plate with one hole
Fig. 4 shows the geometry of the single edge cracked
plate with one hole and its final adaptive mesh.
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Fig. 4. Problem statement and the final mesh of the initial crack for the single edge cracked plate with one hole
The plate was simply fixed at the bottom edge and the load
distributed uniformly on the top edge. The crack
would move in a straight path if there was no hole at the plate
for mode I loading. However, due to the presence of the hole,

the crack did not follow a straight
line path, but curved towards the
hole as shown in Fig. 5.
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This was due to the stress concentration effect; cracks are
likely to initiate at a hole boundary. Once the crack tip has
moved beyond the hole, the crack reoriented horizontally in
the mode I loading as shown in Fig. 5d. Overall, the presence

(a)

of holes in the plate disturbed the stress or strain fields and
provided interesting curvilinear crack trajectories on each
specimen. The behavior of the crack propagation in plane
stress was almost the same as obtained by [9].

(b)

(c)

(d)

Fig. 5. Crack Growth Trajectory for Single Edge Cracked Plate with One Hole
et al.’s [16] statement which said that, two cracks can
propagate with the same length if they are symmetric.
However, for multiple cracks, some authors suggested that the
cracks propagate one after the other according to the values of
the stress intensity factors [15]. As can be seen in Fig. 8d, a
slight convergence of the crack paths could be detected at the
areas close to the holes. The present work simulated the crack
propagation for the double edge crack plate simultaneously.
Each crack tip had its own refinement with its own concentric
mesh that did not depend on each other. The stress
distribution is also presented in terms of the Von Mises
equivalent stress field, as in Fig. 9. The Figure clearly shows
the effects of each other’s stresses. Comparison between the
present results and those obtained by Bouchard et al. [11]
show that there are good agreement for crack trajectory and
stress distribution. Experimental work has been also
conducted for this geometry to get a further validation for the
computational method as shown in Fig. 10.

Fig. 6 shows the configuration corresponding to the final
step of crack propagation. The results proof that for a
horizontal crack, the crack direction is dependent on the
initial crack location. An initial location close to the hole
could cause the crack path to intersect the hole, whereas the
crack path is more nearly straight for initial locations that are
more remote from the hole.
3.2 Double edge cracked plate with two holes
The geometry and the final adaptive mesh of this specimen
are shown in Fig. 7. The plate was simply fixed at the bottom
edge and subjected to a uniform distributed load at the upper
edge. Each crack was found to grow towards the nearest hole
as seen in, Fig. 8a. Then, the crack reoriented horizontally
since the cracks have modified the stress distribution at each
other’s tip as seen in, Fig. 8c. Eventually, the cracks were
attracted again by the opposite holes and curved towards the
holes, (Fig. 8d). The result illustrated that the crack
propagated with the same trajectory. This proofed Bouchard

10

2.85

Fig. 6. Final configuration of crack propagation for different locations of hole
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Fig. 7. Problem statement and the final mesh of the initial crack for the double edge cracked plate with two holes
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(a)

(b)

(c)

(d)

Fig. 8. Crack growth trajectory for the double edge cracked plate with two holes

Fig. 9. Von Mises Stress field distribution at 8th step of crack propagation

Fig. 10 Experimental cracks propagation trajectories

(a)

(b)

Fig. 11. Crack propagation simulation for the double edge cracked with two holes specimen (a) present and (b)
Bouchard et al. [11].
Figure (11.a) shows the contour of final step of crack
propagation with the maximum principal stress distribution
with deformation which is reassemble to the numerical work
obtained by Bouchard et al. [11] (Figure 11.b).

the acceptable crack path predictions. The results of the
assessments strongly indicated that the finite element
simulation for two-dimensional linear elastic fracture
mechanics problems has been successfully employed.

IV. CONCLUSION
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