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Boundedness and Convergence of Batch Gradient
Method for Training Pi-Sigma Neural Network
with Inner-Penalty and Momentum

Kh. Sh. Mohamed, Xiong Yan, Zhengxue Li, Z. A. Habtamu, Abdrhaman. M. Adam

Abstract— In the process industries convergence of a batch
gradient method with inner-penalty and adaptive momentum is
inspection for training pi-sigma neural networks. The role of the
usual penalty is considered, which is a term proportional to the
norm of the weights to control the magnitude of the weights and
improve the generalization performance of the network. The
monotonicity theorem and two convergence theorems of our
gradient algorithm with inner-penalty term is guaranteed during
the training iteration.

Index Terms— Convergence, pi-sigma neural network,
batch gradient method, inner-penalty, momentum,
boundedness

I. INTRODUCTION

The traditional conventionally artificial neural networks
(ANN) compared together with higher order neural networks
(HONN), the two models have been used with different
architecture and learning rules have become popular tool to
solve wide range of problems like classification, association,
recognition and control. Thus, in [2,4,7,9] HONN models
have shown superior performance than traditional ANN in
[3,8,10,12,18] on forecasting, classification and regression
problems because the HONN have several unique
characteristics, including such that (greater storage capacity,
stronger approximation property, higher fault tolerance
capability, faster convergence, ...). The pi-sigma network
(PSN), which is a class of HONN shown by Shin and Ghosh
[1]. This network combines the fast training algorithm
abilities of single layered networks with the non-linear
mapping of HONN and utilizes product cells as the output
units to indirectly the capabilities of higher-order networks
while using a fewer numbers diminution of weights and
procession units and have been used effectively in pattern
classification and approximation. The regularization
(penalty) method is often append into the learning process
and have prove to be efficient to improve the generalization
capability and to the magnitude of the network weights
[6,11,15,20]. Especially in [16] the penalty term celled
inner-penalty and it is useful to prove capability and
magnitude network training.
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To speed up and constancy the training iteration procedure, a
momentum term is often insert to the increment formula for
the weights so that the new weight updating rule becomes a
combination of the present gradient of the error function and
the previous weight updating increment [13,14,17,19,21]. In
recent years the online and batch gradient method with
momentum has been widely used under the assumption that
the error function is quadratic [23-25]. The new error
function with penalty and is decreasing monotonically and
the batch gradient method with both penalty and momentum
is deterministically convergent under the momentum
coefficient and penalty parameter are both is positive
constant. For related work we mention [5,22] where a
feddforward network is considered for two-three layers cases.

The rest of this paper is organized as follows. In section
I, the gradient algorithm with inner-penalty and momentum
is presented for training pi-sigma neural network. In section
111, the main convergence result are presented. The rigorous
proofs of the main results are provided in Section IV. Finally,
some conclusions are drawn in Section V.

In this paper, the notation || - || denotes the Euclidean
vector norm.

Il. BATCH GRADIENT ALGORITHM WITH

INNER-PENALTY AND MOMENTUM TERM

For a given set of training examples {{f,yf}fz1 c
RP x R/, J is the numbers of training examples. Let us
describe the structure of neural network, which suppose that
of an input layer, summation layer and product layer are P, N,
and 1 respectively. Let g:R — R be a given activation
function for the output layer, which is often, but not
necessarily, selected as the logistic function g(x) =
1/(1+e™). We denote by w; = (w;, ...,wip)T €
RP(1 < i < N) the weight vectors connecting the input and
summing units, and write w = (w{, ..., wj)T € R"?. Here
we have added a special input unit §, = —1 corresponding to
the biases wy, (1 <j < N). Note that the weights from
summing units to product unit are fixed to 1. For any given
input £ € RP the output of the neural network by v/ =

g(TT_,(wy, - &)). Our error function with inner-penalty term
take the form:

J N 1 J N
EW) =g (]_[(wk - ff')) +23 D w9 (1)
j=1 k=1 j=1i=1
The structure of pi-sigma
neural network is shown in

fig. 1. Below
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Fig. 1. A Pi-sigma network
where A > 0 is penalty coefficient and g; (t) =

) 2
é(of - g(t))
(j =1,..,],t € R). Then gradient of the error function with
respect to Ws given by:

/ N N
E, W) =g ( [ Jove-@ )) [ Jow- ¢
j=1 k=1 k=1
. o k=i
+Aw; - )¢ (2)
Now we introduce the batch gradient algorithm with inner-
penalty term and momentum (BGPM). Let {&77,...,&V } bea
stochastic permutation of {7, ..., &} in the n-th cycle of the
training iteration. Given initial weights w?, we proceed to
refine them iteratively by

WYt =wnvH-14 Aj" wn i 3
with
Arw Y = M s W)+ arw] (4)

where n=201,..,j=12,..,] and n,, > 0 is the learning
rate in the n-th tralnlng cycIe a'”A" 71 is the so-called

momentum term and a]"” is the momentum coefficient. For
the sake of description, we denote

/" = E s (W) (5)
Particularly when t = 1 denote
" =p =E,n W) ©)
Then there holds
J

B, W)= ) p ™
and the learning rule (4) becomes

A}‘ Win] o UnPLn] J

n} An n] +j-1 (8)

In this work, by choosing an initial n, € (0, 1] and positive
constant 8, we inductively determine n,, in (8) by (cf.[25] )
1 1 18,

—_—— n —
Mn+1 Mn

It is easy to get from (9) that n,, = —n,/(1 + nBn,) for
n=201,.. hence there hold 1, = o(I\n) and for n, -
0 asn - oo and for the momentum coefficients ;' in (8),
then we choose them by the rule

0,1,2.. )

el -
o)) = ||A"n - - ifllar w7 = 0 (10)
0 else

Retrieval Number: F2786015616 /2016©BEIESP

Il. MAINRESULTS
The following conditions will be used in this paper
(A1) |g; D). |g;(O|&|g; (D] < C, vt e R VI < <.

a2) maxigg {|F 11 J&lwk - & <cvi<js
JL1<i<Nk=01,..
(A3) inequality (50) is valid, and 5 and 7, in (9) satisfy:
B > max{1,} andn, < min{1,1/8 — 1/B}.
Set
B = Ci; + (i3 (11)

(A4) The set Q)€ {we Q:E, (W) =0} contains finite
points, where Qis closed bounded region such that
{wm} cq.

Theorem 1 Suppose that the error function E(WW) be given
by (1), let Assumptions (A1) and (A2) be satisfied, and let the
weight {W* } be generated by the algorithm (4). Then there
hold

EW®D )< EWY), n=0,1,--

Theorem 2 Under the same Assumption of Theorem 1, the
weight sequence {W*} generated by (4) is uniformly
bounded.

Theorem 3 Suppose that the error function E (W) be defined
in (1) and the learning rate {n,, } be determined by (9). Given
any initial values w®, the weights {WW* } are generated by the
algorithm (4). If Assumptions (Al) - (A3) are valid, there
holds the following weak convergence result:

Jim IE, W*)Il = 0.
Furthermore, if Assumption (A4) is also valid, there holds
the following strong convergence result: There exists w* € Q

such that

lim, o, Wk =W".

IV. PROOFS

For convergence notation, we denote

n]+] l_l(wnlﬂ EJ) 1<L<] 1<]<] (12)
ol =] o -erisispasis) a3)
k=1
. k#i
n = P'”(’ )pl M=012,.,j=12,..,J.  (14)
nio_ @D
d’ = w" w’ n=012,.. (15)

The following Lemmas are useful in proof of our
convergence results.

Lemma 2 Suppose that the {n,, } be given by (9). There
hold

(l) 0 <nn <nn+1 < 1)
N T p
(”‘) ;<nn<£; T=

n=12,..
Mo p= 1 n
1+’ B’
Proof This Lemma is easy to validate by virtue of (10)
andn, € (0, 1].

The
estimate 7;

(16)
=1.2,..(17)

Lemmas
and the

next
n,j
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change of error function. |gj (tl)((pn] +- 1)(¢Z1] +H-1_ l,bZ"] )| ||€nj ”
Lemma 3 Suppose that Assumption (A1) is satisfied, +||g; (wl"])((p"] -1 “/)” llem ||
there exist a constants Cy, C, ,C; > 0, such that for any +/1” W1 _ n] ””5711 ”
n= 1 2,. w; N
< Comu Y D 2l Z nt 25
0 Zur"/ I < e, Z Sl (18) = G ) ( el Yl @)
N ||/ T N ] where t; € R line segment between W,E”“)] &Y and
G [l || < Z Zp;’(” + Cym? Z Z”p @9 w & and Cs = (C,C¥* + €,C? + AC). Not that for
k=1 ||t=1 k=11t=1 denotation functions (6) and (14) imply
‘n,1 =0 26
Gid) [l ||* < ¢om? Z ZIIP,I”II 20) (26)
=1t=1 This together With (25) hold

Proof By (8), we have
/
nj+j—1 nj __ n,j nj+j—1
w; -W _Z(ai A'w;

—n.0") (21) < 2Csn, Z”p?‘l | 27)
i=1

This together with (9), (14), 0 <n, < 1gives and
= = |

n3 n,2 n,2
Z(a"fnm Y sl ) e b D

EE csnnZ@np“u )

| | | < zc5<1+c5>nn2<||pr2|| o) @)
< Z(n,z o 1+ mallo? 1+ i 1)

Applying an induction on ||r"’ Il we have for 2 < j <

< Tl Z(Z 2[lpe [l + ZII "tll> 22) I ll<2ca+csy- 2nnZZIIp’”H (29)
=1

k=1t=1

Using Assumption (A2), (21) and Cauchy-Schwartz, we A sum of j = 1 2,...,] yields Lemma 3()). Immediately :

have n, n, n,
e =) an dl —an E clnnZank { (30)
H(w"’” &)

|( -1 _ n])fjl where ¢ = ZCSZ A+ Cs)/ 2. Next we prove Lemma
3(ii). In view of (15) and (21), we get
J

nj _ n,j nJ+ji-1 nj _ n,j
w8 (Wi L )| [ = W )| d; —]Z(a- A'w, Moy = ™) (D
Setting C, = (1 + C;) and using (15) and (30), there holds
- H(Wn]-fj) |(Wn]+j_1—wn])fj| ‘ N || J N
b 1 : [ TR I Ry
N k=1 |]t=1 k=1t=1

=c e,

]
Z(Zp,f't + 1)
=1

N ]
+ Zant”An nJ +t— 1”
k=

1t=1

N
N J N
<Cy Z 2oy + an,:fn (23) < .
L\ £ < + Comi I
whereC4=CN(1StS]JSlSN,n:O,LZ,“')- o= N e
Slmllarly easy to get 2 n,t
v Gt +nn22npk’ ||
v k=1t=1
n,t n,t u ! - L
<Gy Z 2o + ank || (24) < ) |[> o ||+ con? 2 Dl @2
k=1 - k=1||t=1 =1t=1
where C; = Cst<]1<isN,n=012-"). Finally, we prove Lemma 3(iii) by virtue of (32). Again
By Assumptions (A1), (A2), (21)- (24) and Mean Value using 0 < 1,, < 1, the estimation (32) can be rewritten as

Theorem, we have
51| = |g; (w7 ) Ve — g (! )l £ |
+Aw? T —w e |1
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N ]
la < @+ m . > It

(33)
k=1t=1

Squaring two sides of (33) and applying Cauchy-Schwartz
inequality, we have

N ]
02
< ez D0 I

k=1t=1

N ]
2
< e ) ) Il

k=1t=1
J(1 + C,)?. The proof it is completed.

2

(34)
where C; =

Lemma 4 If Assumption (Al) is valid and n,, satisfies (9),

there hold
N

J

lep,’:'t I* 35)

t=1

M i—nn Z(p ) )| < Coni

i=1

N ]
GINDYCER

i=1j=1

n]An n/+1 1)

N J
2
I

k=1t=1
It is similar to the proof of Lemma 3 in [26] and thus

(36)

Proof.
omitted.

Lemma5 There is a positive constant y independent of n
such that
E(w(n+1)]) _ E( Wn])

N 2 N o
< —nnz Zpi"t +ynnZZ||Pkt|| (37)
k=1 ||t=1 k=1 t=1

Proof Let {&™,...,&Y } be a permutation of {&7,...,&} in
the n-th cycle of training iteration. Let §®+Di = gnh
( =12,...,)), where {hy, ..., b } is a stochastic permutation
of the subscript set (j = 1,2, ...,]). In view of (2) and (4),

there holds that for i=12,.
Zpl i=01,..,N (38)

E, (W”’)—Zp

By the Taylor Expan5|on (31) (38), We have
g W) - g (") =g (wﬁf}Z(w}”ﬂﬂ) (¢ )¢
i=1

1., 1 2
+58 @@ - ¢)
1 N N
i i N2
] 6] @ -a)-En' 69
i1,i2=1 k=1
ig#ip  kFiLi

where t,t;R is a vector between [TV_,(w*Y - &) and
1(Wk] &). By the Taylor Expansion, (2), (4), (31),
(38) and (39), we get

E (W (n+1)J )
]

N
n A
= Zg(nmj(ll}f Y+ Ez Z(Wl
=

i=1j=1

n+1)J f(n+1)})

Retrieval Number: F2786015616 /2016©BEIESP
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J
S 85 S o

j=1
J

1 N l
(W) 5, ) e’

i=1j=1

J'=1

J
D (8o @Y+ A0 - E)) - (@2 - )

+
j=1
1 J
528 @@ - @) +5 Z(d’” g)’
j=1
1 ! t 2
52 W) Z [ 2 | -ahe)
i1,ip=1 k=1
ig#ip  Nk#Figiz

) +5 aEZu o

2

<EW")+ i

1=1

]
< EW")—1, Z
k t=1

1
+5G nnZanMF +a,

where t3 € IR isa vector between w" " - &) and w - &,

(40)

| D@ )
Then we have

J

n,t
t=1

N

E(W®D) —EWY) < -1, Z
k=1

+u+c7+c8>nn22||p“n

k=1t=

(41

Set
y=]+Cs+C; (42)

Obviously, y is a positive constant independent of the
iteration n. Immediately and finish the proof of this Lemma.

The next Lemma is also a critical step to the proof a
monotonicity of the error {E( W™ )}

Lemma 6 Let{n,}be given by (10) and, if Assumption
(A1) - (A3) are valid, there holds

N ] N ]

2
N N DI
=1 ||=1 =1t=1

then

(43)

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

Exploring Innovation’



International Journal of Soft Computing and Engineering (1JSCE)

2 N ]
2
z i = Yl z zllp}f i (44)
k=1t=1

t=1

N
k=1

Proof By (13), noting that p
theorem and, we get

g =p" / and the mean value

n+1,j
p;

Applying the triangle inequality to (45) and using (25)
and (33), we get

=p +1" (45)

N

oz < Nl ll+Cona . Zznp;:fn +Zurmu
k=1
<[lp | + cgnnz an::tn (46)
wherng C5(1+C1) Thus
ZZM A <ZZ||p::t||
] 2
+zc8nnz anntn +c82nzz >l
k=1 \t=1
]
2
< (1+C9nn(l+nn))22||z7i’"t|| (47)

where Cy = max{ZCBCgi A_combining this with (46), we

have
2

N ] N J
R DI
k=1 |[t=1 k=1t=1
e )ZZIIpZtII (48)

>

1+ Cony (1 +m,) &4 &

On the other hand, it follows from (43)and 0<n, <
No < 1 that

2

(49)

(50)
k=1 ||t=1
This together with [19) yields

||d?'f||SnnZ Zp +Com? Zanzfn

I N ]
1+CZ\/; Mn

By (48) and (38), we deduce that

n,t

< pk’

D

k=1 ||t=1

Retrieval Number: F2786015616 /2016©BEIESP
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an+1] Zp +Z n,j (52)
It follows from (25) (45) and (51) that
an“f _Zup:'fu—fnn"'fn

j=1

J J

> o —JannZHP?”H

j=1 j
>(1-J6, 1+C2\/]:/ T Z Zp (53)

It can be easily verified that for any positivex >y — z,
then

x? = y? —2yz (54)

Substitution (54) into(53) and noting (48), there holds

2 N ]
Zp"“’ >(1+ ann)z Ep,l”
k=1

V’ln(l + Clonn Z n+1,t
15 Con @ +n,02 ez 1" 55)

where C10—2]C8(1+C2 J/y ) Comparlng (47) with
(58), we see that if

¥, (1 + Ciomy) > v
1 + C8nn(1 + nn ) - nl

(56)

From this easy to get (44) is proved. Hence we need only

to verify (56). Substituting (9) into (56), we get
B —Cg—Cyp = (Cg + BCio)Nn

Recalling the definition of § = Cg + Cyin (11), we see
that if 7y and f in (9) satisfy the conditions in
Assumption (A3)

(57)

1

B> max{l ,8} and0 <n, < mm{ Ll?— E} (58)
There holds
1 1 B-P ﬁ Cg — Cyg
Z_Z= 5
O =t == =5 =07 hcn, O

Which validates (57) and also (56). Thus, the inequality
(44) has been proved.

The next two Lemmas will be used to prove our
convergence results. Their proofs are omitted since they
are quite similar to those of Lemma 3.5 in [27] and
Theorem 3.5.10 in [28], respectively

Lemma 7. Suppose that the series Y,%_; a%/n < oo, that
a, >0 forn=1,2,..and that there exists a constant
u> 0such that |a,,; —a,| <p/n,n=12,..then, we
have lim,_,, a, = 0.

Lemma 8. Let F: ® c R? - R (p = 1) be continuous for
a bounded closed region ®@. If the set ®;={x¢€
®: Fxx=0 has finite points and the sequence 17ze®
satisfy:

(@ limy, o [IF eIl =
0

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

Exploring Innovation’



Boundedness and Convergence of Batch Gradient Method for Training Pi-Sigma Neural Network with Inner-Penalty
and Momentum

(i) lim,_ e llx,—; — x, |l = 0.

Then, there exists x* € ® such thatlim,,_,, x,, = x*
Now we are ready to prove the main Theorems.

Proof of Theorem 1. In virtue of (37), if for any
nonnegative integer n

N J 2 N ]
N A DI
k=1||t=1 k=11t=1
then Theorem 1 is proved.

(60)

Forn = 0, if the left hand side of (60) is zero, then by
(2) E,, (W) = Y/_,p" =0. Hence, we have already
reached a local minimum of the error function, and the
iteration can be terminated. Otherwise, if ||Z{:1 || =0
Such that

N || 2 N J

2
Y1 zvm . Yol
k=1||t=1 k=1t=1

Recalling Lemma 8, we know that Inequality(60) holds
for all nonnegative integer n. Hence, the monotonicity of
the error sequence {E(W™ )} is proved.

(61)

Proof of Theorem 2. Note that {"1,&"2, .., &Y }is the
permutation of {¢1,&2, ..., &} in the n-th cycle of training

iteration, there holds for any w € R? andn = 0,1, ... that
EWY) = ng (w")+5 ZZW’ &)’
j=1i=
J N
nJ A
=Zg,-(¢t )+5 2. 0. (62)
=1 j=1i=1

Form Lemma 6, write

J
W) < EQW) —Zg}(w %Zi gy

j=1i=1
< 614 (63)
where C;; = JC + (/1/2)]C2||wi°||2. From (1) and (63),
we have
Aw? - §) <2EWY) <2Cy,j=12,...] (64)

This together with the definition of Cy in (25) indicates

N ] 2
D2 Iel=co+5cn
k=1t=1

(65)
Combining (2) with (62) we have
n-1 J
l-n = W M Z Z g}(lptm]+} 1)( s 1
m=1j=
+/1(Wm]+] -1 f] )) fj (66)
Let the second part of above equation be w , Denote

R, = span {&1,&2,..,8} cR* and R, = IR{l be the
orthogonal complement space of R, . Denote the second part
of (66) by w , obviously w;;’ €R, . we divide w? into
wl =w) +le , where w) € R, and w) €R, . Then
wi =Wl +w)ewl=w? ®w). Applying this to
(66), we have

Retrieval Number: F2786015616 /2016©BEIESP

Is,| = | - &t| = |w) - & < /%,t: 1,2,..,T (67)

Suppose {&/1,&2,.,, &t} (j, € {1,..,J]L,t=12,..,T) is a
base of the space R;. There area, € R(t = 1,2,...,T) such
that W) = a, &1+ +ap&7 Then (a; &1+ -+
al§gréje=st,t=1,...,7. we get

511 511 f}'t .51'1 a, S1

511 flt f]'t .fjt ar St

Is a base, the coefficient determinant equal to zero, and
the system of the linear equations has a unique solution.
Assume that the coefficient determinant equals to:

51'151'1 glt 1 511 dl E]t 1 Sm fjl .Sejl
c=|:: oo

filflt flt 1 f]t " E]t 1 E]t ffl ffT
Then the solution is as follows

a=C-571 (69)

Let the maximum absolute value of all the sub determinant
with rank (T — 1) of the coefficient determinant is S’, then
la,| <1S']- 1S~ - XT_,ls,]. By (67) we have |a,| < |S'| -

|S71]-T - /2C11 /. t=12,..,T. Denote C;;=
max; < < &1, then
17 1| = llasg’* + -+ arg'r||

<IS'1-IS7H €y - T2 /% (70)

That is W;; are bounded uniformly bounded. So from

(67), we know win]

WY,

bounded closed region S € R" such that {w” } ¢ S.

are uniformly bounded. In all, we get

are uniformly bounded, i.e. there exist a

Proof of Theorem 3. Denote

Nl 2 N J

2

o=, > D wt —ynniinpzﬁn
k=1|[]|t=1 =1

We observe from the proof of Theorem 1 that o™ = 0 for
vn=01,..
In view Lemma 7 and Theorem 1, there holds

(71

E(WOT) < EWY) = o™ < S EW) = Y % (72)
=1

Note that E(W ®@*1) > 0 for any n > 0. Setting n > o,

we have

oo

Z o <EWY) < o (73)
n=0
A combination of (65) and Lemma 2(ii) gives
oo N ] oo
yiz ) Yol ) < ¢ )k
n=0 k=1t=1 n=0
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2\ Ci2
<o — < oo, (74)
— T
n=1
where C;; = yJC?%. Thus and (73) holds
s} N ] 2
Y D || <o (75)
n=0  k=1||t=1
Thus
) © N ] 2
1 1 nt
D iEw P <= ) [ || < 76)
n=1 n=0 k=1 |]|t=1

Let E,,, (W) = {aZE/awiawj }1<l]Sp be the Hessian

matrix of E(W). By (A1),theorem 2 and Lemma 2, there
is Cy3 > O such that

Ew o, || = |Ev o W] < Crys weRP (77)
In addition, by (33) and (65) , there is C;5 > 0 such that
N ]

) C
l < G+ ma . > [ <=2

k=1t=1
Again using the Taylor Expansion, holds

., (w0 =, 0| |
s ||EWi(W(n+1)]) - Ewi(an) - Ewiwi(Wn])d?J "
U

. . o
< (0l 1) + Cualld ) < ol I} < =

(78)

(79)

where C;; = C;,C;4. A combination of (78), (79) and
Lemma 7 gives

lim |E, (W) |=o0. (80)
n—oo t
Similarly as (79), there C;g > 0 for any unit vector, gives
nJ +j nJ C13 P —
|E, W) = B, W) < ==j=12,...] (8D

Thus .
[, )] < 5, )
+ ||EWi(Wn]+j) _ Ewi(Wn])”

C
<[, W) +=2 0 (82)
Namely, we come to the weak convergence result:
lim [|E,,, W) = 0 (83)

Next, we prove the strong convergence. By (80), we get

; ) +j || = 15 I =
lim [ = W = m 4 =0 (8#)
Recalling Lemma 8 and noting (80) , (84) and
Assumption (A3) there exists w* € Q, such that
lim WY =w*, ||E,, )| =0 (85)

m—oo

Note that for j = 1,2, .....,J, there is C;o > 0 such that
J

¥ = < D (e apw? ™7 = n,p) B6)
j=1

N J
<> D llap apw e

— a0 || < Croma = 0 (87)
k=1t=
Combi

1
ning this with (85) yields
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lim[w”* = wil|=0, j=12..] (88)
Hence
limwk=w", [E, w")|=0 (89)

which completes the proof.

V. CONCLUSION

In this paper, we study boundedness and convergence of
batch gradient method with inner-penalty and
momentum for Pi-sigma neural network. The penalty
term it is celled inner-penalty and it is useful to prove
capability and magnitude network training.  The
momentum of the error function with penalty term is
often insert to the increment formula for the weights so
that the new weight updating rule prove increment
during the training iteration. In this way, the network tends
to respond not only to the local gradient but also to recent
trends in the error surface. Both weak and strong
convergence of the algorithm are considered for the net- work
with a weights on the connections between the product node
and the summation nodes are fixed to 1, which is the fast
process during the training iteration. sufficient conditions
for this convergence results are offered. Under this condition,
we prove that the error function is decreasing monotonically,
and the batch gradient method with inner-penalty and
momentum is deterministically convergent.
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