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Abstract— A hypergraph is a set V of vertices and a set E of 

non-empty subsets of V, called hyperedges. Unlike graphs, 

hypergraphs can perform higher-order interactions in social and 

communication networks. Directed hypergraphs are much like 

directed graphs. Colors are used to distinguish the classes. 

Coloring a hypergraph H must assign atleast two different colors 

to the vertices of every hyperedge. That is, no edge is 

monochromatic. In this paper, upper and lower truncation, core 

aggregate of intuitionistic fuzzy directed hypergraph (IFDHG), 

conservative K-coloring of IFDHG, chromatic values of 

intuitionistic fuzzy colorings, elementary center of intuitionistic 

fuzzy coloring, f-chromatic value of intuitionistic fuzzy coloring, 

intersecting IFDHG, K-intersecting IFDHG, strongly 

intersecting IFDHG were studied. Also it has been proved that 

IFDHG H is strongly intersecting if and only if it is K-

intersecting. 

Index Terms—Core aggregate of IFDHG, intuitionistic fuzzy 

colorings (IFC), elementary center, f -chromatic value of IFC, 

intersecting IFDHG, K-intersecting, strongly intersecting 

IFDHG. 

I. INTRODUCTION 

Fuzzy sets (FSs) introduced by L.A.Zadeh in 1965 [12] 

are generalization of crisp sets. K.T.Atanassov introduced 

the concept of intuitionistic fuzzy sets (IFSs) in 1999 [1] as 

an extension of FSs. These sets include not only the 

membership of the set but also the non-membership of the 

set along with degree of uncertainty. In order to expand the 

application base, the notion of graph was generalized to that 

of a hypergraph. In 1976, Berge [2] introduced the concepts 

of graph and hypergraph. This paper contains a few 

extensions of concepts in fuzzy hypergraphs by John N. 

Mordeson and Premchand S. Nair [3]. The paper has been 

organized as follows: Section 2 deals with the definitions of 

fuzzy hypergraph, intuitionistic fuzzy hypergraph, IFDHG 

and the notations used in this paper. In section 3 and 4, a 

study is made on core aggregate of IFDHG, conservative K-

coloring of intuitionistic fuzzy directed hypergraph, 

chromatic values of intuitionistic fuzzy colorings, 

elementary center of intuitionistic fuzzy coloring, f - 

chromatic value of intuitionistic fuzzy coloring, intersecting 

IFDHG, K-intersecting IFDHG, strongly intersecting 

IFDHG. Some properties of the newly proposed hypergraph 

concepts are also discussed. Section 5 concludes the paper. 
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II. NOTATIONS AND PRELIMINARIES 

The notations used in this work are listed below: 

 

In this section, definitions of intuitionistic fuzzy set, 

intuitionistic fuzzy graph, IFDHG are dealt with. 

Definition 2.1. [1] Let a set E be fixed. An intuitionistic 

fuzzy set (IFS) V in E is an object of the form     
                              where the function        
       and               determine the degree of 

membership and the degree of non-membership of the 

element      , respectively and for every      , 

                        
Definition 2.2. [1] The five Cartesian products of two IFSs 

      of V over E is defined as 

                          
 
                            

                          
 
                 

               
                          

 
                  

               
                              

 
                  

               

                              
 
                   

              
It must be noted that          is an IFS, where s = 1, 2, 3, 

4, 5. 

Definition 2.3. [1] Let E be fixed set and     
                              be an IFS. Six types of 

Cartesian products of n subsets
1
      …..   of V over E are 

defined as 
1
subsets  -crisp sense 

                  
                  

    
    

 
          

                       

        - IFDHG with vertex set V and    

edge set E 

  
 
     - degrees of membership               

and  non-membership of the 

vertex 

  
  
      - degrees of membership and 

non-membership of the edges 

                  -   degrees of membership and  

 non-membership of the    

edges containing  vi 

     - Height of a hypergraph  H 

     - Fundamental sequence of  H 

     -       Core set of H 

         -         - level of H 

       - IF power set  of V . 
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It must be noted that          is an IFS, where s = 1, 2, 3, 4, 

5,6. 

Definition 2.4. [4] An intuitionistic fuzzy graph (IFG) is of 

the form           where (i)                 such that 

             and            denote the degrees of 

membership and non-membership of the vertex        
respectively and  

                        ----------(1)                                         

for every                    (ii             where 

                   and                     are such 

that 

                                      ------------(2)    

                                       ------------(3)   

and                         ------------(4) 

where     and     are the degrees of membership and non-

membership of the edge         the values of        and 

       can be determined by one of the cartesian  products 

              for all i and j given in Definition 2.2. 

Note: 

Throughout this paper, it is assumed that the fifth Cartesian 

product in Definition 2.3 

                     

                                                  
                       

is used to determine the degrees of  membership     and 

non-membership     of the edge    . 

Definition  2.5. [5]  An  intuitionistic  fuzzy  hypergraph 

(IFHG) is an ordered pair H = (V, E) where  

(i)                    , is a finite set of intuitionistic 

fuzzy vertices,  

(ii)                    is a family of crisp subsets of V 

(iii)                                            and 

                            , 

(iv)                  

Here, the hyperedges    are crisp sets of intuitionistic 

fuzzy vertices                    denote the degrees of 

membership and non-membership of vertex    to edge     

Thus, the elements of the incidence matrix of IFHG are of 

the form                       The sets (V,E) are crisp sets. 

Note:The support of an IFS V in E is denoted by 

                                              

Definition 2.6. [6] An intuitionistic fuzzy directed 

hypergraph (IFDHG) H is a pair (V,E), where V is a non - 

empty set of vertices and E is a set of intuitionistic fuzzy 

hyperarcs; an intuitionistic fuzzy hyperarc        is 

defined as a pair             , where          , with 

        , is its tail, and                  is its head. A 

vertex s is said to be a source vertex in H if          , for 

every       . A vertex d is said to be a destination vertex 

in H if            for every        . 

Definition 2.7.[11] Let H be an IFDHG, let        
                be the        -level IFDHG of H. The 

sequence of real numbers                              such 

that               and              , satisfying the 

properties: 

(i) If           and             then         , 

(ii) If                               then 

             
(iii)                    

is called the fundamental sequence of H, and is denoted 

by F(H). The core set of H is denoted by C(H) and is 

defined by                                 The 

corresponding set of        - level hypergraphs        
                      is called the H induced fundamental 

sequence and is denoted by I(H). The        - level is called 

the support level of H and the        is called the support of 

H. 

Definition 2.8.[11] Let H be an IFDHG and      
                            H is said to be ordered if C(H) is 

ordered. That is                             . The 

IFDHG is said to be simply ordered if the sequence         
                is simply ordered, that is if it is ordered and 

if whenever                       then          . 

Definition 2.9.[11] A minimal intuitionistic fuzzy 

transversal T for H is a transversal of H with the property 

that if      , then    is not an intuitionistic fuzzy 

transversal of H. 
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III. CHROMATIC VALUES OF INTUITIONISTIC 

FUZZY DIRECTED HYPERGRAPH COLORINGS 

Let H = (V,E) be an intuitionistic fuzzy directed hypergraph 

(IFDHG).  

Definition 3.1. Let H be an IFDHG. The lower truncation 

   of H at         -level, 0                      

      , where      
 
         , forall     is an IFDHG, 

                 
          

        where        and 

       denote the sets of vertices and edges of truncated 

IFDHG respectively and 

  
  
       

              
            

   

     
       

                

            
  

are the membership and non-membership values of the 

edge       

The upper truncation    of H at        -level, 0       

                    , where      
 
         , forall 

    is an IFDHG,                  
                

  where        and        denote the sets of vertices and 

edges of truncated IFDHG respectively and 

  
  

       
              
            

   

            
                

            
  

are the membership and non-membership values of the 

edge       

Note:   
  
   

  
 are degrees of membership values of 

lower and upper truncation,     
      are degrees of non-

membership values of lower and upper truncation. 

Example 1. Consider an IFDHG, H with the adjacency 

matrix as given below: 
                                                

  

  

  

  

  

   

 
 

                       
                       

                   
                   

                            

 
 

 

The corresponding graph of IFDHG H is displayed in 

Figure 1. 
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Figure. 1: Intuitionistic fuzzy directed hypergraph H 

The adjacency matrix of lower truncation of            is 

given by 
                                                

  

  

  

  

  

   

 
 

                        
                       

               
                            
                               

 
 

 

The adjacency matrix of upper truncation of H
(0.6,0.3)

 is 

given by 
                                    

  

  

  

  

  

   

 
 

               
               
                   
                   
                

 
 

 

 

The graphs of lower and upper truncations are given in 

Figure 2: 
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Figure. 2: (a) Lower Truncation of           and (b) 

Upper Truncation of                                                                                                            

Note: 

1.            . 

2.            . 

 Definition 3.2. Let H be an IFDHG with core set 

                                              
where                 is the crisp edge set of the core 

hypergraph       . Let E(H) denote the crisp edge set of H 

defined by  

                                          
E(H), a crisp hypergraph on V , is called core aggregate 

hypergraph of H and is denoted by                  
Theorem 3.1. For every intuitionistic fuzzy hypergraph H, a 

p-coloring of       is a K-coloring of H and conversely. 

Definition 3.3. Let H be an IFDHG. Then, every 

K-colorings of H which is a conservative p-coloring of  

    , is called a conservative K-colorings of H. 

 

Definition 3.4. Let                         be a 

(crisp) core directed hypergraph of an IFDHG H where  

                   Suppose L is a K-colorings of upper 

truncated IFDHG,         which is obtained by extending a 

p-coloring,    of       . If L is weekly (or strongly) 

conservative p-coloring extension of   to the (crisp) core 

aggregate hypergraph             of        with respect to 

       , then L is called a weekly (or strongly) conservative 

K-coloring extension of    with respect to        . 

Definition 3.5. Let H be an IFDHG and suppose 

                         is a finite subset of 

IFp(v). Then   is called intuitionistic fuzzy coloring 

of  H if the following properties are satisfied: 

1)                                      for all        

2)          if       

3)         is a coloring of        for               and 

             . 
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Theorem 3.2. For every intuitionistic fuzzy hypergraph H, a 

p-coloring of       is a K-coloring of  H and vice-versa. 

Note:   is sequentially elementary with respect to 

F(H). There is one-to-one correspondence between the K-

coloring of H and the intuitionistic fuzzy coloring of H, if 

the color set is empty. 

Let   is an IFC of            Then by Definition 3.1, 

       - cut,         of  , where         -  is the smallest 

value in F(H), is p-coloring of the core aggregate 

hypergraph       of H which implies        is a K− 

coloring of H by Theorem 3.1.  

Conversely, suppose                   is a K-coloring of 

      . Then A is a crisp coloring of the core aggregate 

hypergraph       of H,       
    and             if 

     . Now   , associate an intuitionistic fuzzy subset 

             with support   , defined by 

         
                                  

                                 

  

for all    ,         E. Hence                     is an IFC 

of H. 

Definition 3.6. Let              Then the intuitionistic 

fuzzy subset       of V for all        is defined by 

       
                                       

                          

  

for all    ,         E.       is called the elementary center. 

Definition 3.7 Let                                  
Then       is called elementary center of  , is defined by 

      = {     ,      , ....       where       is the elementary 

center of     

Definition 3.8. Let      be the elementary center of IFC   of 

H with fundamental sequence         

   
    

      
   where   

    
      

  and let t be a 

monotonic increasing function on the interval [0, 1] such 

that          and         . Such t is called scaling 

function. 

Definition 3.9. Let H be an IFDHG and let t denote a 

scaling function. Then                   is an IFC of H} 

and                         is an IFC of H} are called 

   -chromatic number and     -chromatic number of H 

respectively. 

Note: If t is the identity mapping on [0, 1], then     or      

are called linear chromatic numbers of H. 

Theorem 3.3. Let H be an IFDHG then for every H and for 

every scaling function                                
                 and χ(H)= min{|   |/   is an IFC of H} 

= min{|L|/L is a K-coloring of H} where |   | is the number 

of edges in   and |L| is the number of colors in L. 

Example 2. Consider an IFDHG, H with     
                 and                        
 

 

Figure. 3: Chromatic Numbers of H 

Here                                          and 

                     where 

                                             and 

                
Since H is elementary, it is ordered. 

Thus every primitive coloring of H is an K-coloring of H. 

Therefore         , since        has the following 

primitive coloring: 

                                   where    
                           and 

              . 
Suppose t is the identity map. Assume              . It 

is interesting to compare        .  with        , where 

  and    are the IFC of H. 

Let                                     
                , where                 
                           and                 The 

restriction,   
 

 of    to        is         ,   
           

 

Definition 4.1. An IFDHG H is said to be an intersecting 

intuitionistic fuzzy directed hypergraph, if for each pair of 

intuitionistic fuzzy hyperedge            ,          

 

Definition 4.2. Let H be an IFDHG and 

                                              
, if        is an intersecting IFDHG for each               

then H is K-intersecting IFDHG. 

 

Definition 4.3. An IFDHG H is said to be strongly 

intersecting, if for any two edges    and    contain a 

common spike of height,                    

 

Theorem 4.1. Let H be an IFDHG and suppose       
                                         Then H is 

intersecting if and only if                        is 

intersecting. 

 

Proof: 

H is intersecting                              is 

intersecting, from Definition 3.9. Similarly, each pair of 

intuitionistic fuzzy hyperedges, 

                     
                      are intersecting. 

Conversely, let                             is intersecting. 

Since,                             is intersecting, H 

is also intersecting. 

Theorem 4.2. Let H be an 

ordered intuitionistic 
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fuzzy directed hypergraph and let  

                                                then H is 

intersecting if and only if H is K-intersecting. 

Proof: 

The proof is direct from Definition 3.10 and Theorem 3.3. 

Theorem 4.3. Suppose H is an ordered intersecting IFDHG, 

then each intuitionistic fuzzy hyperedge T of H contains a 

member of            where       is the upper truncation of H 

at level h(T). In particular T is an intuitionistic fuzzy 

transversal of        

Proof: 

Let                                                  and 

suppose       . Assume that,               , since H is 

ordered and            Since H is intersecting         is 

also intersecting. Therefore,        is an intuitionistic fuzzy 

transversal of        . Let    be a minimal intuitionistic 

fuzzy transversal of        contained in        . Since H is 

ordered, then there is a nested sequence of sets 

                       

such that,    is a minimal intuitionistic fuzzy transversal of 

        for every                . Let    be the elementary 

intuitionistic fuzzy subset with support   
 and height 

         , for                Then, 

               
         Therefore, each intuitionistic 

fuzzy hyperedge T of H contains a member of          . 

Theorem 4.4. If H is a simple, intersecting IFDHG such that 

      , then           
              . 

Corollary 4.5. If Theorem 3.6 holds good for         
then H has no loops. 

Theorem 4.6 Let H be an ordered, intersecting IFDHG with 

                                             . Suppose 

that             and       is simple. Then for each 

                
                                        

where              is an elementary intuitionistic fuzzy 

subset with support E and height        . 

Proof: 

By hypothesis, it follows that        is simple, intersecting 

and              for each             . 

By theorem 3.6, T is the set of all minimal transversals of H. 

Thus the set of                     for every          
        Hence the desired result. 

Theorem 4.7. Let H be an IFDHG. Then H is strongly 

intersecting if and only if H is K-intersecting. 

Proof: 

Necessary Part: Suppose that H is strongly intersecting, let 

   and    be edges of               Then there exists two 

edges    and    of H such that,   
         and    

        . 

Since H is strongly intersecting, both    and   contain a 

common spike    
, where               

  and        

       
 . Thus,     

                    . Hence        is 

intersecting and H is K - intersecting. 

Sufficient Part: Suppose that H is K-intersecting, let    and 

   be hyperedges of H and let                         and 

let       
     ,      

     , then both                 

       
 , where                                 Let 

                   , since        is intersecting, there exists a 

vertex              . There is a spike    
 with support      

and height         which is contained in both    and    . 

Hence H is strongly intersecting. 

Theorem 4.8. If   
 is intersecting, then H is strongly 

intersecting. 

Proof: 

Let                                               be the 

set of core intuitionistic fuzzy hypergraphs of H and 

consider the core’s aggregate intuitionistic fuzzy 

hypergraph,  

                  where                
           . 

In addition, let       
    

 
    

    
     represent the 

core hypergraph of   
 associated with the smallest 

member    
    

   of F(H). 

From the construction of   
 it follows that every edge 

belonging to E(H) contains an edge of   
   

Hence   
 is intersecting   H is strongly intersecting. 

If   
 is intersecting, then by Theorem 3.6,       

    
 

 is 

intersecting, and therefore, the family of (crisp) edges E(H) 

is intersecting as well. 

Example 3. Consider an IFDHG H with 

Here                                 and whose 

incidence matrix is as follows: 
                                                

  

  

  

  

  

  

 

                           
                       
                       

                       

  

Clearly,                . Then, 

        
             

        
                         

        
                         

                                                
Thus,               and               

    
                  

 

and for             and             

    
          

           
              

             

 

                            v4 

                                                          v2 

   v1 

                                            v3 

 

Figure. 4: K− intersecting IFDHG 

. 

Note that,         
           Therefore,         

           
  

                    Thus, H is an ordered intuitionistic fuzzy 

directed hypergraph. 

        
                       

        
                                   

        
                                   

        
                                                  

Thus H is a K-intersecting intuitionistic fuzzy directed 

hypergraph. 

Example 4. Consider an IFDHG           where 

               and    
            which is represented 



 

Chromatic Values of Intuitionistic Fuzzy Directed Hypergraph Colorings 

37 

Published By: 

Blue Eyes Intelligence Engineering 
& Sciences Publication  

Retrieval Number: A2797036116/2016©BEIESP 

by the following adjacency matrix: 
                                                

  

  

  

  

 

                       
                       
                           

  

Clearly,                  

        
          

        
             

        
                                  

 

v1                     

 

                                                     v2 

                v3 

 

 

Figure. 5: Non-ordered intersecting IFDHG 

Therefore,                    
           

 but,         
             

Hence, H is non - ordered. 

                                    
        

                                        
        

             
                                             
Thus H is non  K-intersecting IFDHG. 

IV. CONCLUSION 

In this paper, an attempt has been made to study the 

chromatic values and chromatic numbers of intuitionistic 

fuzzy hypergraph colorings. Also, upper and lower 

truncation, core aggregate, conservative K-coloring, 

intersecting, K-intersecting, strongly intersecting IFDHGs 

were studied. Also, elementary center, f-chromatic value of 

intuitionistic fuzzy coloring are discussed. It has been 

proved that an IFDHG is strongly intersecting if and only if 

it is K-intersecting. If H is an ordered intersecting IFDHG, 

then each intuitionistic fuzzy hyperedge T of H contains a 

member of Tr(Hh(T)). 

ACKNOWLEDGMENT 

The authors would like to thank University Grants 

Commission, Hyderbad, India for its financial support to the 

Minor Research Project F. No: 4 - 4/2013 - 14(MRP - 

SEM/UGC - SERO) dated 17.03.2014, and the Major 

Research Project F. No: MRP - 43 - 418/2014(SR) dated 

August 2014. 

REFERENCES 

1. Atanassov. K. T, Intuitionistic fuzzy sets - Theory and      
Applications, New York, Physica-verlag, Berlin(1999). 

2. Berge .C, Graphs and Hypergraphs, North-Holland, NewYork,      

1976. 
3. Mordeson N. John, Nair S. Premchand, Fuzzy graphs and fuzzy     

hypergraphs, New York, Physica-verlag, (2000). 

4. Parvathi. R and Karunambigai. M. G, Intuitionistic fuzzy     graphs, 
Proceedings of 9th Fuzzy Days International Conference      on 

Computational Intelligence, Advances in soft computing:      

Computational Intelligence, Theory and Applications, Springer-      
Verlag, 20(2006), 139-150. 

5. Parvathi. R, Thilagavathi. S and Karunambigai. M. G,       
Intuitionistic fuzzy hypergraph, Bulgarian Academy of Sciences, 

Cybernetics and Information Techonoliges, Vol.9 (2009) , No.2,46-

53. 

6. Parvathi. R, Thilagavathi. S , Intuitionistic fuzzy directed  

hypergraphs, Advances in Fuzzy Sets and Systems 14(1), 2013, 39-
52. 

7. Rosenfeld. A, Fuzzy graphs, Fuzzy sets and their applications, 

L.A.Zadeh, K.S.Fu and M.Shimura Eds., Academic Press,  NewYork, 
1975, 77-95. 

8. Roy H. Goetschel Jr., Introduction to fuzzy hypergraphs and hebbian 

structures, Fuzzy Sets and Systems, 76 (1995), 113-130. 
9. Roy H. Goetschel Jr., William L.Craine and William Voxman       

Fuzzy transversals of fuzzy hypergraphs, Fuzzy Sets and        Systems, 

84 (1996), 235-254. 
10. Roy H. Goetschel Jr., Fuzzy colorings of fuzzy hypergraphs,        

Fuzzy Sets and Systems, 94 (1998), 185-204. 

11. Myithili. K. K, Parvathi. R, Akram. M, Certain types of         
intuitionistic fuzzy directed hypergraphs, International Journal of 

Cybernatics and Machine Learning,             

http://link.springer.com/article/10.1007/s13042-014-0253-1 (2014), 1-
9. 

12. L.A.Zadeh, Fuzzy sets, Information and Control, 8, (1965), 338-353. 

AUTHORS PROFILE 

 

Myithili is an Assistant Professor in Mathematics at 

Vellalar College for Women, Tamilnadu, India. She 

received her Master’s degree in Mathematics in 2003 

from Avinashilingam Deemed University. In 2004, 

she obtained the M.Phil degree from Madurai Kamaraj 

University. Her research area of interest is 

Intuitionistic fuzzy directed hypergraphs and their 

applications. 

 

Parvathi is an Associate Professor in Mathematics at 

Vellalar College for Women, Tamilnadu, India. She 

completed her Ph.D in Alagappa University. She is a 

Fellow of International Science Congress Association - 

Post Doctoral Fellow of Institute of Biophysics and 

Biomedical Engineering, Bulgarian Academy of 

Sciences, Sofia, Bulgaria during 2010-2012 - Awarded 

Summer Research Fellowship - 2007 by three Academies of India – UGC 

Research Awardee for 2 years (Aug 2009 - July 2011) – Attended ”Lecture 

Series on Intuitionistic Fuzzy Sets and Generalized Nets” during 2008 and 

2010 for Post - Ph.D candidates at Bulgarian Academy of Sciences - One of 

the Mentors in DST- INSPIRE Science Camp Programme from 2011 

onwards. She is a Life Member of Indian Mathematical Society and Kerala 

Mathematical Association. Her Research Area of Interest includes 

Intuitionistic Fuzzy Sets (IFSs): Theory and Applications, Generalized Nets 

(GNs): Theory and Applications and Intuitionistic Fuzzy Graphs and their 

Applications. She has got 23 years of Teaching experience and 13 years of 

Research experience. She has published more than 50 research papers in 

reputed international journals which includes Elsevier, Springer, IEEE 

Proceedings. She is a Reviewer/Referee in a few international journals and 

Associate Editor of ScieXplore: International Journal of Research in 

Science. She has completed 2 UGC Projects and 2 are on-going (DST Indo 

- Bulgarian, UGC Major). She has availed Travel Grants Received from 

UGC, DST, CSIR, TNSCST to present papers in International Conferences 

at UK, Germany, Bulgaria, Greece. Under her guidance 15 M.Phil and 3 

Ph.D., have completed and 2 M.Phil and 5 Ph.D., are persuing at present. 

Regarding Papers Presented/attended/ Resource Person in 

Conferences/Seminars/ Symposia/ FDPs:International Level: Presented - 06 

(UK, Germany, Bulgaria, Greece) Resource Person - 05 (Bulgaria) and 

National/State Level: more than 200. She is a Research Committee 

Member, Coordinator - UGC HEPSN Scheme for differently abled, 

Coordinator - DST FIST and NAAC - IQAC Committee Member. She has 

established Ramanujan Mathlab and Research Centre in the college campus 

with the support of her colleagues. She has organized many academic 

events funded by UGC, NBHM at various levels. 


